
���� � ������ ��	�
�� ��
 ����� 	��
���
 ��� ������� ���	�	����� ��������� � ���

������

������ ��� !"�
#$%��&�" '( ) *++(

,-./012/


_ `abcdefgbhda
ijklmnop qrstkjq urj vljmnls w nxkjkomnls yz{lmnroq |vwyq} nq rumko lqqr ~nlmk�
� nm� ~r��sn~lmk� lo� kjjrj��jrok ~r�nop no sr��sktks slop{lpkq � � l�n�{� ku�
�~nko~� nq {q{lss� m�k p{n�nop j{sk ��ko m�k kotnjro� kom nq qksk~mk� � lo� urj
�jr�{~mnro ~r�k m�lm q�r{ s� �kjurj� sljpk�q~lsk qn�{slmnroq urj sropkj �kjnr�q �
m� nq nq lo k�~ksskom lo� ktko ok~kqqlj� p{n�ksnok � �r�ktkj � urj k��srjlmrj� �rj�no q~nkomn�~ ~r��{mnop nm � l� �k �rjm���nsk mr ~roqn�kj rm�kj r�mnroq �

�jl�nmnrolss�� m�k sr��sktks slop{lpkq i � i�� lo� �rjmjlo �ltk �kko m�k
�rqm �r�{slj l�rop ~r��{mlmnrols q~nkomnqmq � �r�ktkj � no jk~kom �kljq � kotn�
jro� komq q{~� lq � lmsl� � � l�sk � �~mltk � ��v s{q lo� � �ltk �k~r� k �r�{slj � �o
�ljmn~{slj � � lmsl� �lq � kko m�k �jkukjjk� kotnjro� kom urj � lo� ~r��{mlmnrols
q~nkomnqmq lo� kopnokkjq � �r� k ru m�k jklqroq urj m�k q{~~kqq ru m�kqk kotnjro�
� komq ljk m�kqk � qn��sk lo� ~sklo q�oml� � nomkjl~mntk k�k~{mnro � nm� n��k�nlmk
ukk��l~� � nomkpjlmnro ru tnq{lsn�lmnro � lo� prr� �r~{� komlmnro lo� rosnok �ks� �
�o l��nmnro � l jn~� qmlo�lj� sn�jlj� ru o{� kjn~ls u{o~mnrolsnm� nq ltlnsl�sk no m�k
kotnjro� komq � mrpkm�kj � nm� srmq ru �{ nsm�no u{o~mnroq m�lm r�kjlmk k� ~nkoms�
ro ljjl�q no ~r��nsk� ~r�k � � sm�r{p� m�k � kjurj� lo~k ujr� sr��sktks ~r��nsk�
slop{lpkq nq �kmmkj � � lo� q~nkomnqmq qn��s� ukks � rjk �jr�{~mntk no � urj noqmlo~k �
� lmsl� �

��k �np��sktks �jrpjl�� nop slop{lpk v�m�ro �lq k� kjpk� lq l tnl�sk lsmkj�
olmntk mr � lmsl� � �~mltk lo� rm�kj qn� nslj kotnjro� komq � � �ko k�mko�k� � nm�o{�kjn~ls lo� tnq{lsn�lmnro �r�{skq � v�m�ro q�ljkq � lo� ru m�k l�tlomlpkq
� nm� m�k rm�kj nomkj�jkmk� kotnjro� komq � komnrok� l�rtk � �{jm�kj � v�m�ro �lq

�



lo l��nmnrols l�tlomlpk no m�lm m�k slop{lpk nq tkj� jn~� lo� �r�kju{s � �ltnop�kko �kqnpok� ujr� m�k �kpnoonop lq lo r� � k~m�rjnkomk� slop{lpk � �kk ��� urj
� rjk ~r��skmk ~rtkjlpk ru m�k l�tlomlpkq ru v�m�ro no q~nkomn�~ ~r��{mnop �

� qnop v�m�ro � �k �ltk n��sk� komk� m�k ujl� k�rj� v��y |v�m�ro �mko~ns
yotnjro�kom} urj qrstnop vwyq {qnop m�k �no nmk w nxkjko~k �km�r� |�w� }� ��
~jklmnop l qkm ru � np��sktks l�qmjl~mnroq � v��y lssr� q m�k {qkj mr �rm� q� k~nu�
m�k �jr� sk� lo� n��sk� kom o{�kjn~ls qr s{mnroq ro l �np� sktks � �o rj�kj mr
�rtk m�k ur ~{q ru m�k {qkj l�l� ujr� m�k �kmlnsq ru m�k n��sk� komlmnro mr�lj�qm�k �jr� sk� q lo� m�k qrs{mnro � km�r�q � nm �lq � kko l prls urj r{j �kqnpo m�lm
~r�k q�r{s� � k lq ~srqk mr �qk{�r ~r�k lq �rqqn�sk � �{j mljpkm l{�nko~k ljk
jkqklj~�kjq ��r okk� mr �jrmrm��k �w� qrstkjq � lo� �lom mr �sl� � nm� m�k
�w� rj m�k o{�kjn~ls � km�r�q {qk� mr qrstk m�k jkq{ smnop �nq~jkmk �jr� sk� �

w{k mr nmq �kqnpo � o{� kjn~ls ~r��{mlmnroq ~ljjnk� r{m no v�m�ro � nss {q{lss�� k �{~� qsr�kj m�lo m�k ql� k ~r��{mlmnroq n��sk� komk� no sr��sktks slop{lpkqq{~� lq i lo� �rjmjlo ��� � � q �nq~{qqk� no k �p �� ���� � l sljpk �ljm ru m�k ~r�k
urj vwy qrstkjq �klsq � nm� �jr�sk� q�k~n�~lmnro lo� tljnr{q �rr��kk�nop mlq�q �
�rj m�kqk �ljmq ru m�k ~r�k � k� ~nko~� nq orm n��rjmlom � lo� l �np��sktks slop{lpk
q{~� lq v�m�ro nq tkj� �kss�q{nmk� � �r�ktkj � m�kjk nq l �ljm ru m�k ~r�k ��kjkk� ~nko~� nq n��rjmlom � m�k �ljm ru m�k qrstkj ��kjk m�k o{�kjn~ls ~r��{mlmnroq
ljk ~ljjnk� r{m � �kmmkj � kjurj� lo~k ~lo �k l~�nktk� �� �rtnop m�k mn� k�~jnmn~ls
�ljm ru m�k ~r�k nomr k�mkoqnro �r�{skq urj v�m�ro � n��sk� komk� no l ~r��nsk�
slop{lpk � ��k k�mkoqnro �r�{skq ~lo �k knm�kj pkokjls �{j�rqk � sn�k �{�kjn~ls
v�m�ro |�{�v�} �	
� � rj ~{qmr� �� l�k urj l �ljmn~{slj l��sn~lmnro rj sn�jlj�
u{o~mnro � �o l��nmnro � �ljlssks ~r��{mnop ~lo �k {qk� mr qrstk l �jr� sk� ulqmkj
�� q�jkl�nop m�k �rj�srl� rtkj �rjk m�lo rok ~r��{mkj � �rm� l��jrl~�kq ljk
{qk� no v��y �

��klss�� m�k ujl�k�rj� nmqksu q�r{s� ml�k ~ljk ru �ljlssksn�lmnro no q{~� l �l�m�lm m�k {qkj ~r�k �rkq orm okk� mr ~�lopk lm lss ��ko �rtnop ujr� l qkz{komnls
mr l �ljlssks ~r��{mkj � �u �ljlssksn�lmnro nq �kjurj� k� � lo{lss�� �kmlnsq ru �rm�
m�k �jr�sk� lo� m�k kotnjro� kom no ��n~� m�k l��sn~lmnro � nss � k j{o ~lo �k
ml�ko nomr l~~r{om no rj�kj mr ~jklmk lo r�mn� ls �ljlssks qr stkj urj m�k �jr� sk� �
�u m�k �ljlssksn�lmnro nq �lo�sk� l{mr� lmn~lss� �� m�k ujl� k�rj� � qr�k �k�n�nsnm�
|lo� �kj�l�q � kjurj� lo~k} �{qm �k ql~jn�~k� � �k �ksnktk � �r�ktkj � m�lm m�k
� kok�mq ru l{mr� lmn~ �ljlssksn�lmnro ljk �rjk n��rjmlom urj m�k k��kjn� komls
jkqklj~�kj � �ko~k � �k n��sk� kom �ljlssksn�lmnro no v��y � no q{~� l �l� m�lm
m�k {qkj ~r�k nq skum {o~s{mmkjk� �

�k �kpno � nm� l �nq~{qqnro ro ��lm �no� ru { qkj nomkjul~k l ujl�k�rj�urj qrstnop vwyq � nm� �w� q�r{s� �ltk � ��ko �k �jrtn�k l uk� k�l��skq
ru v��y no {qk � ��ko � �k �nq~{qq m�k n��sk�komlmnro no �rjk �kmlns mr qkk
�r� m�k prlsq ljk l~�nktk� � �kurjk �jkqkomnop qr� k �rjk notrstk� ~lqk qm{�nkq
� nm� v��y � �nolss�� �k rxkj ~ro~s{�nop jk� lj�q lo� q{ppkqmnroq urj m�k u{jm�kj
�ktksr��kom ru v��y �

� 
��h�a d � ����

�k �lom mr �kqnpo m�k {qkj nomkjul~k ru r{j ujl� k�rj� urj qrstnop vwyq q{~�
m�lm nm nq �rqqn�sk mr �rj� � nm� �w� ro l �np� sktks � � nm�r{m ql~jn�~nop �k�n�ns�nm�� ��lm nq � nm q�r{s� � k �rqqn�sk mr �kq~jn�k l �jr� sk� no lq �{~� �kmlns lq nq
ok~kqqlj�� lo� m�k q~nkomnqm q�r{s� �ltk u{ss ~romjrs rtkj �nq~jkmn�lmnro lo� qrs{�
mnro lsprjnm�� q � � �ko �rj�nop � nm� � lm�k� lmn~q � m�k r�kjlmrjq lo� q���rsq
ru � lm�k� lmn~q �ltk l �r�kju{s ��{nsm�no� qk� lomn~q � �rj k�l��sk � lo k��jkq�
qnro q{~� lq

r = b − Ax
~lo jkq{sm no z{nmk �nxkjkom ~ls~{slmnroq � �k� ko�nop ro

��lm m�k q���rsq jk�jkqkom � ��kjkurjk � nm nq ulnj mr ql� m�lm m�nq nq l �np��sktks
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�np{jk 	 � �mko~ns urj m�k kz{lmnro no nookj or�kq � |	}

jk�jkqkomlmnro � �k qkk� m�k ql� k �k�ltnr{j urj m�k {qkj nomkjul~k ru v��y �
nomkjul~k � nss � k l qkm ru ~slqqkq lo� u{o~mnroq � ��k {qkj q�r{s� �k l�sk

mr {mnsn�k m�k ujl� k�rj� ujr� �rm� v�m�ro �jrpjl� q lo� nomkjl~mntk v�m�ro
qkqqnroq �

�k ~roqn�kj m�lm m�k n��rjmlom lq� k~mq ru l {mnsnm� rj ujl�k�rj� q{nml�sk
urj � np��sktks �rj� � nm� �w� qrstkjq urj vwyq ~lo �k q{��ljn�k� lq urssr� q �

•
��k �jr�sk� ~lo �k q�k~n�k� no lo nom{ nmntk lo� �k� n�sk �l��

•
��k qrs{mnro � km�r� ~lo �k n��sk� komk� ~skljs� lo� klqns��

•
�kq{smq lo� j{omn�k qmlmnqmn~q q�r{s� � k klqns� l~~kqqn� sk urj �rqm�jr ~kqq�
nop lo� lols�qnq �

�r l��jkqq m�kqk lq�k~mq lo� �nq~{qq �rqqn� sk qrs{mnroq urj r{j ujl�k�rj� � �k~roqn�kj m�k urssr� nop �jr�sk� � ��n~� �r�ksq qmlmnrolj� �klm ~ro�{~mnro � lq lo
nss{qmjlmntk mkqm ~lqk �

−∇2u = f, x ∈ Ω

∂u

∂n
= 0, x ∈ ∂Ω

|�}

��kjk Ω = [0, 1] × [0, 1]
� m�k {onm qz{ljk no 	w � lo�

∂Ω
nmq �r{o�lj�� lo�

fnq l pntko u{o~mnro � � ntko m�k o{��kj
n
� l slmmn~k pjn� ru or�kq

(xi, yj)
urj

m�k �r� lno
Ω

nq ~jklmk� � ��kjk i = 0, 1, . . . , n
�
j = 0, 1, . . . , n

� ��k ~kss skopm�
h = xi − xi−1 = yi − yi−1 = 1/n

nq lqq{�k� mr �k ~roqmlom �
� qnop m�k qmlo�lj� ~komjk� �nxkjko~kq urj m�k qk~ro��rj�kj �kjntlmntk no |�}

�nks�q

ui,j−1 + ui−1,j − 4ui,j + ui+1.j + ui,j+1 = −h2fi,j , i, j = 1, 2, . . . , n − 1
|	}

urj m�k nookj or�kq no m�k �r�lno � ��kjk ui,j = u(xi, yj)
lo�

fi,j = f(xi, yj)
�

� srop m�k �r{o�ljnkq � m�k �k{�loo �r{o�lj� ~ro�nmnro � nss � k {qk� mr
ksn� nolmk tls{kq no m�k q~�k� l |	} ulssnop r{mqn�k m�k �r� lno � �rj noqmlo~k �
lsrop m�k

yn
�r{o�lj�� l qk~ro��rj�kj l��jr�n� lmnro ru m�k �k{�loo ~ro�nmnro

�nks�q

2ui,n−1 + ui−1,n − 4ui,n + ui+1,n = −h2fi,n, i = 1, 2, . . . , n − 1.
|7}

�r pntk lo n��jkqqnro ru ��lm l qrstkj n��sk� komk� � nm� m�k v��y ujl� k�
�rj� srr�q sn�k � �k q�r� m�k ~r�k urj qrstnop �jr�sk� |�} ��ko f = sin(2πx)

�
no �np{jk ��

��k kz{lmnroq |	} lo� |7} jkslmkq l �rnom mr l uk� ru nmq oknp��r{jq � �m nq
~r��ro mr ol�k m�kqk jkslmnroq ~r��{mlmnrols � rsk~{skq rj qmko~nsq �	7 � � � �� �
� qmko~ns ~lo �k tnq{lsn�k� lq no �np{jk 	 � lo� ~lo �k nomkj�jkmk� lq m�k l~mnro ru

�



�np{jk 7 � � jn� urj �jr�sk� |�} � ��k pjkko ~nj~skq no�n~lmkq or�kq no qmko~nsq �

m�k vwy lm l �rnom � � q{lss�� ros� l uk� oknp��r{jq ljk no~s{�k� no kl~� qmko~ns �
lo� m�k o{��kj ru �nxkjkom qmko~nsq okk�k� mr q�k~nu� m�k �jr� sk� urj m�k ��rsk�r�lno nq sn� nmk� � ��kjkurjk � l ~rotko nkom �l� mr q� k~nu� m�k �w� urj m�k vwy
ro l pntko pjn� nq mr q�k~nu� m�k �nxkjkom qmko~nsq mr �k {qk� � mrpkm�kj � nm� m�k
or�kq no m�k pjn� ��kjk kl~� qmko~ns q�r{s� �k l��snk� �

�o �np{jk 7 �k q�r� m�r ru m�k �r{o�lj� qmko~nsq urj m�k �k{�loo �r{o�lj�
~ro�nmnro � lq �kss lq m�k q�l�k ru m�k qmko~ns urj m�k nookj or�kq �

iroqn�kjnop k�l��sk |�} lo� m�k �w� urj� pntko no |	 �7} � m�k q� k~n� ~lmnro
ru m�k �jr�sk� notrstkq �kq~jn� nop m�k slmmn~k pjn� urj m�k ~r��{mlmnrols �r� lno
lo� m�k �nq~jkmk urj� ru m�k vwy ro m�lm pkr� kmj�� � q r{msnok� l�rtk � rok �l�ru �kq~jn�nop m�k �nq~jkmk �jr� sk� nq no mkj� q ru m�k qmko~nsq � �{m m�kjk ljk rm�kj
�l�q � �rj no qmlo~k � m�kjk ljk qktkjls mrrsq �		 � �
 � �� � ��� m�lm {qk q� k~nlsn�k�
slop{lpkq � rj l pjl��n~ls nomkjul~k � mr q�k~nu� m�k vwy � �r{o�lj� ~ro�nmnroq �
~r��{mlmnrols �r� lno � lo� qr ro � �lqk� ro {qkj no�{m � l �nq~jkmk �jr�sk�
nq pkokjlmk� no m�k mrrs � lo� qrstk� � ��nq rxkjq l tkj� �np��sktks nomkjul~k
urj �jr�sk� q�k~n�~lmnro � lo� �n�kq m�k �kmlnsq ru �nq~jkmn�lmnro lo� qrs{mnro
lsprjnm�� q � �k �ltk ~�rqko mr {qk m�k qmko~ns l��jrl~� �

��k qkm ru qmko~nsq urj l �jr�sk� �k�okq l snoklj r� kjlmrj urj q~lslj �ks�q
rtkj m�k slmmn~k pjn� urj m�k �jr�sk� � �o m�k ~lqk m�lm lo k��sn~nm q~�k� k nq
{qk� � lo {��lmk ru m�k qrs{mnro ~lo �k ~r��{mk� �� l��s�nop m�k r�kjlmrj mr
m�k qrs{mnro ujr� m�k �jktnr{q nmkjlmnro � �u m�k q~�k� k nq n��sn~nm � m�k qmko~nsq
urj� lss� �k�ok l pkokjlmrj ru l snoklj q�qmk� � �r�ktkj � �� nmkjlmntk � km�r�q �
m�k qrs{mnro ~lo �k l��jr� n� lmk� {qnop m�k r�kjlmrj � � nm�r{m urj� nop m�k snoklj
q�qmk� � � j�sr� �km�r�q �7	 � 	� ljk k�l��skq ru q{~� � km�r�q �

��k qkm ru qmko~nsq urj l �jr�sk� � �k�onop m�k snoklj r�kjlmrj � q�r{s� m�kjk�
urjk � k ko~l�q{slmk� no l qnopsk r� � k~m � yl~� qmko~ns q�r{ s� � k �lnjk� � nm� m�k
qkm ru or�kq no m�k pjn� � urj ��n~� m�k qmko~ns �k�okq m�k l~mnro ru m�k vwy � ��nq
r� � k~m ~lo �k {qk� no �rm� k��sn~nm lo� n��sn~nm qrstkjq � lq k�� slnok� l�rtk �

��k �ols qmk� � �rqm�jr~kqqnop � � nss {q{lss� ros� notrstk lols�qnq ru m�k {o�
�or�oq lumkj m�k qrstkj nq �onq�k� � lq �kss lq qmlmnqmn~q l�r{m kjjrj kqmn� lmkq lo�
m�k o{��kj ru nmkjlmnroq qmrjk� �{jnop m�k qrs{mnro �jr ~kqq � � q m�k {o�or�oq
� nss � k ~rssk~mk� no qr� k �lml qmj{~m{jk � lo� rm�kj �no�q ru nourj� lmnro � l�
~rotko nkoms� � k qmrjk� no qr� k jkl���� l�k r� � k~mq lq �kss � m�nq slqm �ljm � l�
lsqr � k qk�ljlmk� ujr� m�k jkqm ru m�k mlq�q m�jr{p� l ~sklo nomkjul~k � �k �ltk
orm �ln� �{~� lmmkomnro mr m�k � lmmkj ru �rqm�jr ~kqqnop no m�k kljs� qmlpkq ru

�



m� nq ujl� k�rj� � �os� qn��sk � srmmnop ~l�l�nsnm nkq ljk n��sk� komk� �
� �� ������	�
���

�jr� m�k k�l��sk l�rtk � nm nq ktn�kom m�lm m�k �kqnpo ru l qkm ru l�qmjl~mnroq
nq ~j{~nls urj l~�nktnop m�k {qkj nomkjul~k �k �lom � �r� k ru m�k l�qmjl~mnroq
�k �ltk �k~n�k� mr n��sk� kom � l� �k ~r��ro mr rm�kj ujl�k�rj�q urj qrstnopvwyq �
 � 	� � �
 � 7 � 	
 � 7� � 	7� � no qr� k ~lqkq � nm� �nxkjkom ol� kq � ��nsk qr� k
l�qmjl~mnroq ljk {onz{k mr m�nq ujl� k�rj� ��k � nss ur ~{q ro m�k urssr� nop l�qmjl~mnroq � � jn� � � nks� � �mko~ns � lo� �mko�
~ns�km �
� ���� ����
�kurjk �k ~lo l��s� m�k �w� mr l pntko �jr� sk� � �k okk� mr �k�ok m�k ~r��
�{mlmnrols �r� lno � lq �kss lq l slmmn~k pjn� ~rtkjnop m�k �r� lno � ��nq � nss� k m�k �{j�rqk ru m�k ���� l�qmjl~mnro � �ourj� lmnro l�r{m pkr�kmj�� �ntnqnro
�ljl�kmkjq urj m�k slmmn~k pjn� � lo� qr ro � � nss � k ~romlnok� no m�k pjn� �

�{j ���� l�qmjl~mnro � nss ros� �lo�sk slmmn~k pjn�q � ��n~� ~lo ls�l�q �k �k�
q~jn� k� u{o~mnrolss�� �lqk� ro m�k pkr� kmj� lo� m�k �ntnqnro �ljl� kmkjq � �ko~k �
~rrj�nolmkq urj lss or�kq no m�k pjn� � nss orm � k qmrjk� � m�{q jk�{~nop m�k � k�rj�
jkz{njk�kom ru l pjn� qnpon�~loms��
� ���� � ����
�k okk� mr �rj� � nm� �nq~jkmk l��jr� n� lmnroq ru m�k {o�or�oq no m�k vwy �
��kqk ~lo �k jk�jkqkomk� lq �ks�q rtkj m�k pjn� � ��k ~{jjkom n��sk� komlmnro
ru � ���� nq q~lslj � n �k �� nm qmrjkq rok tls{k urj kl~� or�k no m�k ~rjjkq�ro�nop
pjn� � �o m�k u{m{jk � �k � l� ~roqn�kj tk~mrj �ks�q � nm� �rjk m�lo rok �kpjkk ru
ujkk�r� no kl~� or�k �

�k ljk {qnop l qk�ljlmk l�qmjl~mnro urj q~lslj �ks�q � k~l{qk �k �lom mr �k
l� sk mr no�k� m�k �ks� no �nxkjkom �l�q � lq �kss lq �kjurj� ~kjmlno r�kjlmnroq
ro �ks�q � ��nq � nss � k �nq~{qqk� no �k~mnro � �� �
� ����  !�"#��
��k $%�&'�� nq � mrpkm�kj � nm� $%�&'��$ �%� m�k �rqm n��rjmlom l�qmjl~mnro no r{j
ujl� k�rj� � � q k��slnok� l�rtk � m�k qmko~ns �k�okq m�k �nq~jkmk l��jr� n� lmnro
ru m�k vwy lm rok �rnom ru m�k pjn� � � q m�k qmko~ns � nss � k m�k �k� ~r��rokom
{qk� mr q�k~nu� l �jr�sk� � m�k l�qmjl~mnro �{qm �ltk m�k urssr� nop �jr�kjmnkq �

•
� qmko~ns q�r{ s� �k klq� mr �{ns� �� q� k~nu� nop m�k no�ntn�{ls qmko~ns or�kq
lo� m�knj ~rk� ~nkomq �

•
�o l��nmnro mr m�k rx qkm or�kq � m�k qmko~ns q�r{ s� lsqr ~romlno lo r�mnrols
qr{j~k mkj� �

•
�rm� ~roqmlom lo� tljnl� sk � rj u{o~mnrols � ~rk� ~nkomq q�r{s� � k q{��rjmk� �
�{o~mnrols ~rk� ~nkomq q�r{s� � k ktls{lmk� �� pntnop m�k ~rrj�nolmkq ru l
�rnom lq ljp{� kom �

•
�m q�r{s� � k �rqqn�sk mr l�� lo� q{�mjl~m qmko~nsq � lq �kss lq �{smn� s� l
qmko~ns � nm� l q~lslj � no rj�kj mr q~lsk m�k qmko~ns �

��k �jqm m�jkk �rnomq ljk n��rjmlom mr pntk m�k {qkj q{� ~nkom �r�kj mr �{ns� m�k
qmko~nsq urj m�k vwy � ��k slqm �rnom kol�skq m�k {qkj mr ~jklmk ~r��sk� qmko~nsq

�



(0,1) (1,1)

(0,0) (1,0)

�np{jk � � � jn� urj �jr� sk� |�} � ��k jk� snokq � lj� m�k �ljmnmnro urj ur{j
�jr ~kqqrjq � ��nsk m�k �lq�k� �s{k snokq � lj� k�mkom ru p�rqm or�kq � ��k pjkko
~nj~skq no�n~lmk qmko~nsq |m�k �s{k ~nj~sk nq l p�rqm or�k} � ��nsk m�k o{��kjq no
�jl~�kmq no�n~lmk m�k �jr ~kqqrj �w �

�� �jqm �{ns�nop qn��skj rokq lo� slmkj �rno nop m�k� mrpkm�kj � �m lsqr pntkq m�k
�k�n�nsnm� ru �{ ns�nop l sn�jlj� ru ujkz{koms� {qk� qmko~nsq � ��n~� ~lo �k l��{qmk�
lo� ~r��nok� mr urj� m�k ~r��skmk qmko~ns urj l �ljmn~{ slj �jr�sk� � �o m�k v��y
ujl� k�rj� � �k �ltk l o{��kj ru q{~� �jk�k�ok� qmko~nsq � qkk qk~mnro � �� ���
� ����  !�"#�� �!
��nsk m�k qmko~ns �kq~jn� kq m�k �nq~jkmk l��jr� n� lmnro ru m�k vwy urj rok or�k �
m�k r� kjlmrj �k�ok� �� lss qmko~nsq urj m�k �jr�sk� � �kq~jn� kq m�k l~mnro ru m�k
vwy �jr�sk� � no~s{�nop m�k �r{o�lj� ~ro�nmnroq � urj lss or�kq no m�k ~r��{�
mlmnrols �r� lno � �k {qk m�k mkj� $%�&'��$ �% urj m� nq l�qmjl~mnro �

��k qmko~nsqkm nq l ~romlnokj no ��n~� �{smn�sk qmko~nsq ~lo �k qmrjk� � �r�
pkm�kj � nm� kl~� qmko~ns � �k qmrjk l �kq~jn�mnro ru l qkm ru or�kq no m�k pjn� �
��kjk m�k qmko~ns q�r{s� �k l��snk� � � k� uklm{jkq ru m�k qmko~nsqkm ljk lq ur ssr� q �

•
�{nsm �� l��nop qmko~nsq lo� l q�k~n�~lmnroq ru qkm ru or�kq mr m�k qmko�
~nsqkm �

•
��kjlmkq ro l �ks� lq l snoklj r�kjlmrj �

•
��r qmko~nsqkmq ~lo �k ~r��nok� nomr rok � no rj�kj mr �{ns� rok snoklj
r� kjlmrj ujr� �{smn�sk qmko~nsqkmq �

��nq �kqnpo � l�kq r{j ujl� k�rj� tkj� �k� n� sk � �rj noqmlo~k � nm nq klq� mr n� �
�sk� kom l qrstkj urj l �jr� sk� � nm� �nxkjkom ~ro�nmnroq ro �nxkjkom �ljmq ru m�k
�r{o�lj�� �m nq lsqr �rqqn� sk mr n��sk� kom l qrstkj urj l �jr� sk� ��kjk �nxkjkomvwyq prtkjo �nxkjkom �ljmq ru m�k ~r��{mlmnrols �r� lno �

� �fbd��bhg ��c���� �h��bhda
��k �jr ~kqq ru ~jklmnop l �ljlssks qrstkj �� �ljmnmnronop m�k �jr� sk� nq �kss�or�o no m�k snmkjlm{jk � ~u � �� � ~� � � ��� � vljmnmnronop l �jr�sk� ~lo �k l ~�ls�
skopnop mlq� � lo� {qkj nomkjl~mnro nq {q{lss� jkz{njk� no m�k �jr~kqq � �{j l��
�jrl~� nq � �r�ktkj � mr n��sk�kom m�k ujl�k�rj� no q{~� l �l� m�lm l �ljlssks






qrstkj ~lo �k ~jklmk� ujr� l qkz{komnls qr stkj � nm�r{m lo� {qkj nomkjl~mnro �{m l
~lss ro m�k � km�r� m�lm nonmnlsn�kq �ljlssksn�lmnro � �k~l{qk �ljmnmnronop nq �rok
l{mr� lmn~lss�� �k �ltk mr koq{jk m�lm nm nq lq r�mn� ls lq �rqqn�sk � ��lm nq � kl~�
q{�pjn� q�r{s� �ltk l��jr� n� lmks� m�k ql� k o{��kj ru or�kq lo� m�k ~r��{�
on~lmnro ~rqm q�r{s� � k � non� n�k� � �rj�nop � nm� qmj{~m{jk� slmmn~k pjn�q � nm nq
jkslmntks� klq� mr u{s� s m�k �jqm jkz{njk� kom �

�o �np{jk � �k q�r� l pjn� �ljmnmnrok� urj ur{j �jr ~kqqrjq � � nm� qr�k qmko~nsq
urj l �jr�sk� � �o rj�kj mr ltrn� ~r��{on~lmnro kl~� mn� k l qmko~ns nq l��snk�
lm lo nomkjols �r{o�lj�� nm nq ~r��ro mr ko sljpk kl~� q{��ljm ru m�k pjn� � nm�l sl�kj ru �p�rqm or�kq� � q{~� m�lm lss jkz{njk� {��lmkq ujr� l oknp��r{j ~lo �k
� l�k � nm� rok tk~mrj ~r��{on~lmnro � ��k � n�m� ru m�k p�rqm or�k sl�kj � nss� k �kmkj� nok� �� m�k q�l�k ru m�k qmko~nsq � �� noq�k~mnop m�k qmko~nsqkm � �k ~lo
l~z{njk nourj� lmnro l�r{m m�k ~r��{on~lmnro ~rqm no kl~� �njk~mnro � � qq{�k
m�lm lss qmko~nsq urj l �jr�sk� ljk ~r��nok� nomr l qnopsk qmko~ns � lo lppjkplmk�
qmko~ns � �rj kl~� q�l~k �n� koqnro

i �k �k�ok m�k ~r��{on~lmnro ~rqm tls{k
ci

lq
m�k � n�m� ru m�k lppjkplmk� qmko~ns no �njk~mnro

i
� �rj l pntko o{��kj ru q�l~k

�n� koqnroq
k
� m�k ~r��{on~lmnro ~rqm u{o~mnrols urj rok �jr ~kqq � nss � k

C(P ; k) =

k∑

i=0

ci ∗ ni

pi

|� }

��kjk ni
nq m�k o{��kj ru or�kq no �njk~mnro

i
� lo�

P = {pi}
k
i=1

nq m�k o{��kj
ru q{��ljmq nomr ��n~� kl~� �njk~mnro q�r{s� �k q� snm � q{~� m�lm

PT =
∏

i pi
nq

m�k mrmls o{��kj ru �jr~kqqkq ltlnsl�sk � �r r�mlno m�k r�mn� ls �ljmnmnro � �k� no n� n�k m�k u{o~mnrols |�} �
�kurjk m�k �jkqkomk� lsprjnm�� ~lo �k {qk� � m�k qmko~nsqkm �{qm � k �or�o ��ko~k � m�kjk � nss � k l qkz{komnls �ljm ru m�k ~r�k m�lm �{qm �k k�k~{mk� �kurjk

m�k �jr�sk� ~lo �k �ljlssksn�k� � ��k {qkj q�r{s� mj� mr ltrn� ~jklmnop �ks�q
no m�nq qkz{komnls �ljm ru m�k ~r�k � lq q{~� �ks�q � nss � k psr�ls lo� �ko~k � l�
jkz{njk l sljpk l�r{om ru �k�rj��

� ��� �ch� �ab�
��jr{p� k�l��skq � � nss or� q�r� �r� m�k ujl� k�rj� ~lo �k {qk� lo� qm{�� m�k
� kjurj�lo~k ru n��sk� komk� qrstkjq � ��k �jkqkomk� ~r�k k�l��skq � nss no~s{�k�kmlnsq �km mr � k �nq~{qqk� � lq �kmlnsq ru m�k n��sk� komlmnro � nss � k l��jkqqk�
no �k~mnro � �
����� �� � � iroqn�kj m�k �klm �r� �jr�sk�

ut(x, t) = uxx(x, t), x ∈ [0, 1], t ∈ R
+,

|�l}
∂u(x, t)

∂n
= f(x), x = 0 ∧ x = 1, t ∈ R

+,
|��}

u(x, 0) = g(x), x ∈ [0, 1].
|�~}

�k l��s� ~komjk� �nxkjko~kq urj m�k q�l~k �kjntlmntk no |�l} � lo� l urj�lj��nxkjko~k l��jr�n� lmnro urj mn� k � ��n~� �nks�q m�k q~�k� l

un+1
i = un

i +
∆t

∆x2
(un

i−1 − 2un
i + un

i+1)
|�}

urj m�k nookj or�kq � �k q�r� m�k v�m�ro ~r�k ru l qrstkj urj m�nq �jr�sk� no
�np{jk � � � uk� n��rjm qmlmk�komq urj m�k v��y ujl� k�rj� � lo� ~r�k urj m�k
nonmnls ~ro�nmnro lo� m�k � k{� loo �r{o�lj� ~ro�nmnro u{o~mnroq ljk r� nmmk� �
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�np{jk � � � qn��sk k�l��sk � ��k u{o~mnroq � 
 lo� �� �	 
 ljk �k�ok� � � nq m�k
ko� mn� k � lo� �	 nq m�k mn� kqmk� �

��nq ~r�k � l�k {qk ru m�r qmko~nsq m�lm ljk �jk�k�ok� no m�k ujl� k�rj� � m�k
����	 �	� lo� ���#�
� qmko~nsq |qkk qk~mnro � �� ��} � ��k ~ro~k�mq ru l��nop
qmko~nsq � lo� �{smn�s�nop l qmko~ns � nm� l q~lslj � ljk {qk� mr urj� m�k ~r��skmk
qmko~ns urj m�k �jr�sk� � �rmk m�lm m�k

∆x
l��kljnop no |�} nq no ~rj�rjlmk� no

m�k ���#�
� qmko~ns � qr �k okk� ros� �{smn� s� �� m�k mn� k�qmk� qn�k
∆t ��ko �k�{ns� m�k ~r��skmk qmko~ns �

��k k��jkqqnro � � , �� � no m�k ~r�k nq m�k k��sn~nm mn� k qmk��nop � ��kjk m�kqmko~nsqkm nq { qk� lq l snoklj r� kjlmrj ro m�k qrs{mnro ujr� m�k �jktnr{q nmkjlmnro �
����� �� � � � k�m � �k ~roqn�kj m�k ur ssr� nop �jr� sk� �

ut = ∇ · (k(x)∇u) + f, x ∈ Ω, t ∈ R
+,

|
l}
u(x, t) = h(x, t), x ∈ ∂Ω, t ∈ R

+,
|
�}

u(x, 0) = g(x), x ∈ Ω.
|
~}

�qq{� k m�lm
Ω = [0, 1] × [0, 1]

� m�k {onm qz{ljk no 	w � nq m�k ~r��{mlmnrols
�r�lno � lo�

x = (x1, x2)
nq l �rnom no 	w � �k �k�ok m�k ~rk� ~nkom u{o~mnro

k(x)
� m�k qr{j~k u{o~mnro

f(x, t)
� m�k w njn~�skm �r{o�lj� ~ro�nmnro

h(x, t)
lo�

m�k nonmnls ~ro�nmnro
g(x)

q{~� m�lm m�k lols�mn~ls qrs{mnro urj m�k �jr�sk� nq

u(x, t) = e−t sin(πx1) cos(πx2)
|
}

�u �k {qk l urj�lj� �nxkjko~k urj m�k mn� k �kjntlmntk lo� ~komjk� �nxkjko~k urj
m�k �kjntlmntk no q�l~k no |
l} � �k pkm

ul+1
i,j = H [ki,j−1/2u

l
i,j−1 + ki−1/2,ju

l
i−1,j

+ (1/H − ki,j−1/2 − ki−1/2,j − ki+1/2,j − ki,j+1/2)u
l
i,j

+ ki+1/2,ju
l
i+1,j + ki,j+1/2u

l
i,j+1] + ∆tf l

i,j ,
|�}

��kjk H = ∆t/∆x2
� y��jkqqnroq q{~� lq

ki−1/2,j

no�n~lmk m�lm m�k u{o~mnro
k(x)

q�r{s� � k ktls{lmk� lm m�k � n��rnom � km�kko xi−1,j
lo�

xi,j
� �u

k(x)
nq

pntko lq l q~lslj �ks� rtkj m�k pjn� � lo ltkjlpk ru
k
rtkj m�k ql� k qkp� kom ~lo

�
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q�kk��{� � � 	 �� � 7 ��� 
 �� � �� �� 	� �� 7	 ��
1500× 1500

� 	�� qmk� � 	�
	� �7��� �
	
 77
7 ��
 � ��	� 
7
 �

q�kk��{� � � ���� 7 ��
 
 ��� �� �� 	7 �
 7 ���

�l�sk �� iv� mn� k no qk~ro�q lo� ~rjjkq�ro�nop q�kk��{� o{��kjq urj m�k �klm
~ro�{~mnro qrstkj �

� k {qk� noqmkl� � ��k ~r��skmk ~r�k urj m�nq k�l��sk nq no~s{�k� no ���ko�n� � �
�o �np{jk � � �k q�r� m�k �ljm ru m�k ~r�k m�lm �{ns�q m�k qmko~nsq � �o m�nq ~lqk �
�k ~loorm {qk �jk�k�ok� qmko~nsq ujr� m�k ujl� k�rj� � �{m �ltk mr �{ns� m�k�
�lo{lss�� ��k u{o~mnro �'� �� � no m�k ~r�k � nq

k(x) + ∆x/2
� ��nsk �'� �� � nq

k(x) − ∆x/2
�

�o �l�sk �� �k snqm m�k iv� mn� k urj m�k qrstkj ��ko j{o ro lo �mlon{� ���
�lqk� sno{� ~s{qmkj � � urj �nxkjkom o{��kjq ru �jr~kqqrjq lo� m�r �nxkjkom pjn�
qn�kq � �k lsqr snqm m�k q� kk��{� o{��kjq � �k �ltk ros� � klq{jk� m�k mn� k
ru m�k � lno ~r��{mlmnrols srr� rtkj lss mn� k qmk�q |m�k mn� ksrr�} � k�~s{�nop
qmljm{� lo� no nmnlsn�lmnro ~rqmq � vljlssksn�lmnro �rj�q z{nmk �kss no m�lm �k ~lo
qkk ~srqk mr snoklj q� kk� {� � �jr� �jktnr{q k��kjnko~kq � nm� v�m�ro � �k k��k~mm�k qrstkj mr j{o z{nmk qsr� s�� �rj ~r��ljnqro � �k �ltk m�kjkurjk n��sk� komk�
l q~lslj qrstkj urj m�k ql�k �jr�sk� no i � ��nq qrstkj �lq ls� rqm or �k�n�nsnm�
lm lss � ~lo ros� qrstk m�nq �ljmn~{ slj �jr�sk� � lo� m�kjkurjk nq q{��rqk� mr pntk
~srqk mr r�mn� ls k� ~nko~�� �o �l�sk 	 � �k q�r� m�k iv� mn� k urj m�k qrstkj
n��sk�komk� no i � lq �kss lq q� kk��{� o{��kjq jkslmntk mr m�k v�m�ro qrstkj �
��k i�qrstkj j{oonop ro rok �jr ~kqqrj �kjurj� q l�r{m 
� mn� kq ulqmkj m�lo
m�k v�m�ro qrstkj j{oonop ro rok �jr~kqqrj � lo� lsqr � kjurj� q l�r{m 	 �7 mn� kq
ulqmkj m�lo m�k v�m�ro qrstkj j{oonop ro 7	 �jr ~kqqrjq �

� �nsk 
� mn� kq qsr�kj m�lo i nq l q{�qmlomnls �kjurj� lo~k �nm urj m�k v�m�ro
qrstkj � m�k plno no �k� n� nsnm� nq qnpon�~lom � �o l��nmnro � m�k v�m�ro �kjurj� lo~k
� l� �k q{nml� sk urj l jlopk ru l��sn~lmnroq � q{~� lq k��kjn� komq � nm� qmko�
~nsq � �jrmrm��nop ru qrstkjq lo� q� lsskj �jr�sk� q � �r�ktkj � mr qrstk sljpk q~lsk
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vjr�sk� qn�k j{omn� k ��~�{ v�m�ro
/
i 7	�~�{ v�m�ro

/
i

1000× 1000
� ��� qmk�q � ��
 �7 
� �� 	 �7	

1500× 1500
� 	�� qmk�q � 7�	 �� 
� �� 	 �7 �

�l�sk 	 � iv� mn� k no qk~ro�q urj m�k qrstkj n��sk� komk� no i � lq �kss lq
q�kk��{� jkslmntk mr m�k v�m�ro qrstkj j{oonop ro rok lo� 7	 �jr ~kqqrjq �

vjr� sk� qn�k i v�m�ro
1000× 1000

� ��� mn� k qmk�q � 7� �� 7� ��

�l�sk 7 � � n� nop ru m�k ~r��{mlmnrols srr� urj lo k��kjn� kom � nm� ro s� q�l~k�
�k�ko�kom qr{j~k lo� wnjn~�skm �r{o�lj� ~ro�nmnro u{o~mnroq � ��k o{��kjq ljk
iv� mn� k no qk~ro�q �

�jr�sk� q m�k {qkj okk�q �kmmkj � kjurj� lo~k � �umkj �nq~{qqnop v��y no pjklmkj
�kmlns � �k � nss jkm{jo mr m�nq k��kjn� kom lo� q�r� �r� �kmmkj � kjurj�lo~k ~lo
�k l~�nktk� �

�o m�k k�l��sk �nq~{qqk� �kjk � � rm� m�k qr{j~k u{o~mnro lo� m�k wnjn~�skm
�r{o�lj� ~ro�nmnro ljk mn� k��k�ko�kom � ��kqk u{o~mnroq ljk n��sk� komk� lq
qmlo�lj� v�m�ro u{o~mnroq � lo� �{qm mr �k k�k~{mk� urj lss jksktlom or�kq lm
kl~� mn� kqmk� � ��nq nq l � l�rj �kjurj� lo~k �rmmskok~� ru m�k qrstkj � iro�
qn�kj no qmkl� m�k �jr�sk� ��kjk m�k wnjn~�skm lo� qr{j~k u{o~mnroq ljk q�l~k�
�k�ko�kom ros�� �u m�k iv� mn� k ru m�k mn� ksrr� nq �klq{jk� � �k pkm m�k
o{��kjq pntko no �l�sk 7 �o m�nq ~lqk � m�k v�m�ro qn�{slmrj nq l~m{lss� ulqmkj
m�lo m�k l{m�rjq � �lo��n��sk� komk� i qn�{slmrj � �m q�r{s� � k ormk� m�lm m�k
nonmnlsn�lmnro ��lqk � ��n~� nq r� nmmk� no m�nq mn� nop � nq qnpo n�~loms� sropkj urj
m�k v�m�ro qn�{slmrj m�lo m�k i qn�{slmrj � �{m m�nq nq ru skqq n��rjmlo~k ��kom�k qn�{slmrj j{oq urj l srop mn� k � �k ~ro~s{�k m�lm m�k okk� mr ~lss m�k qr{j~k
lo� wnjn~�skm u{o~mnroq noqn�k m�k mn� k srr� urj lss jksktlom or�kq ~roqmnm{mkq
m�k �lno �rmmskok~� ru m�k ~{jjkom n��sk� komlmnro � ��nq nqq{k � nss � k l��jkqqk�no �k~mnro � �

� ���� d��c� h��
�o m�k urssr� nop qk~mnroq � �k �jrtn�k lo rtkjtnk� ru m�k ~slqqkq lo� u{o~mnroq
n��sk�komk� no v��y � �k ~roqmjlno r{jqksu mr �nq~{qqnop m�k �lqn~ �{�sn~ {qkj
nomkjul~k ru m�k ujl� k�rj� � �o �k~mnroq � �� �� lo� � �7 �k �nq~{qq qr� k ru m�k
�rjk l�tlo~k� �ljmq ru v��y � � �nq~{qqnro ru mrrsq m�lm ljk � lnos� urj nomkjols
{qk ljk � k�ro� m�k q~r� k ru m�nq mk�m �

��rtk � �k �nq~{qqk� m�k �k� l�qmjl~mnroq no v��y � ��kqk l�qmjl~mnroq ljk
jklsn�k� lq ~slqqkq no v�m�ro � iroqkz{koms�� m�kjk ljk ~slqqkq ol� k� �� �� �
$ ��#� � (	�� 
�# lo� (	�� 
�#(�	 � �o l��nmnro � v��y ~roqnqmq ru l qkm ru {mnsnm�
~slqqkq lo� u{o~mnroq � �rj �ljmq ru m�nq �nq~{qqnro � l pkokjls {o�kjqmlo�nop ru
� q� k~nls � km�r�q� lo� r�kjlmrj rtkjsrl�nop no v�m�ro � � nss � k � kok�~nls � �rj
lo rtkjtnk� ru m�nq mr�n~ � � sklqk jkukj mr � urj noqmlo~k � �7 �� qk~ � 7 �7 � rj �	 �� � �
������ �
� �� � �
�

��k ~slqq �� �� ~romlnoq l �kq~jn�mnro ru m�k ~r��{mlmnrols �r� lno � lq �kss lq�r� m�nq q�r{s� � k ~rtkjk� � nm� l slmmn~k pjn� � i{jjkoms�� ��r��q�l�k�� �r� lnoq

��



� - ?

6
∆x

∆y

[xmin, ymin]

(0, 0) (n, 0)

(n, m)(0, m)

[xmax, ymax]

�np{jk 
 � � 	w slmmn~k pjn�

no lo� o{��kj ru q�l~k �n� koqnroq ljk q{��rjmk� � �o k�l��sk no 	w nq pntko
no �np{jk 
 � �r �kq~jn� k m�k pjn� u{ss��

[xmin, ymin]
�

[xmax, ymax]
� lo� knm�kj

(∆x
�
∆y)

rj
(n, m)

�{qm � k �or�o � ��k ~roqmj{~mrj � ''�� �	'' � ru m�k �� ��~slqq ml�kq m�k pkr� kmj� nourj� lmnro lo� m�k o{��kj ru �ntnqnroq lq ljp{�komq �
mrpkm�kj � nm� m�k o{��kj ru q�l~k �n� koqnroq �
� � �� �� ���� ���� ��� �� ��� �� � � � �� ������ �6� ���� �
��k pkr� kmj� nourj� lmnro nq pntko lq

([xmin, xmax], [ymin, ymax])
� ��k �ntnqnro

�ljl�kmkj ~lo lsqr � k pntko lq l qnopsk nomkpkj �
� � �� �� ���� ���� ��� �� ��� �� � ���� ������ ���� �
�o m�lm ~lqk � kl~� �n�koqnro � nss � k �ntn�k� �� m�k ql�k o{��kj � ��k pkokjls�
n�lmnro mr

n
�n� koqnroq nq qmjlnp�murj�lj� �

Grid

Methods:

nsd: number of space dimensions

division: list, length=nsd

geometry: list, length=nsd

fields: list of field−references

corners(): returns iterator

boundary(): returns iterator

innerPoints(): returns iterator

range(): returns index−range

partition(stencillist): parallelize grid

                  and attached fields.

Members:

_ _init_ _(div,nsd,geo) : constructor

�np{jk 
 � �{msnok ru m�k �� ��~slqq �

��k �rqm n��rjmlom � k��kjq lo� �km��
r�q ru �� �� ljk snqmk� no �np{jk 
 � �rmk m�lm
�k qmrjk m�k ∆x, ∆y, . . .

tls{kq lq l snqm no m�k
� k��kj ��� ����� � �o l��nmnro � m�k �ntnqnro
�ljl�kmkjq ljk �njk~ms� ltlnsl�sk lq �� � �� �lo� �/ urj pjn�q no rok � m�r lo� m�jkk q�l~k
�n� koqnroq � lq m�nq nq rumko okk�k� no m�k o{�
� kjn~ls lsprjnm�� q �

�q �nq~{qqk� no �k~mnro 	 ���� � kl~� qmko�
~ns no l qmko~nsqkm okk�q l �kq~jn�mnro ru l
qkm ru or�kq no m�k pjn� ��kjk m�k qmko~ns
q�r{s� �k l��snk� � ��k �{j�rqk ru m�k �km��
r�q 
����� � � "������� � lo� �����-���	 �no �� �� nq mr �jrtn�k q{~� �kq~jn�mnroq � �rj
noqmlo~k �
� ������-���	 � ��
�nss pntk lo �%���%�� �	 �� � � ��� urj m�k no�
�n~kq ru lss nookj or�kq no m�k pjn� � �n� nsljs��
"������� lo� 
����� � pntk m�k no�n~kq urj
�r{o�lj� lo� ~rjokj or�kq � jkq� k~mntks�� �m
q�r{s� � k ormk� m�lm ros� or�kq m�lm ljk ro

�	



m�k ���qn~ls �r{o�lj� ljk ~roqn�kjk� �r{o�lj� or�kq lo� m�lm nomkjnrj or�kq �
lq jkm{jok� �� �����-���	� � ljk m�k ~r��sk� kom mr m�k �r{o�lj�� �{��rjm urj
�np�kj�rj�kj �km�r�q nq qr� km� nop m�lm � nss � k ~roqn�kjk� urj u{jm�kj �ktksr��
� kom � ��k � km�r�q �����-���	� lo� "������� l~~k�m lo ljp{�kom ��� ���m�lm ~lo �k q� k~n�k� mr qksk~m l q{�qkm ru m�k �r� lno � ��k ljp{� kom q�r{s�
� k pntko no m�k ql� k urj� lq m�k pkr� kmj�� lo� nu nm nq orm �jkqkom � m�k ��rskpjn� nq lqq{� k� � ��k "������� �km�r� ~lo � no l��nmnro � ~jklmk lo nmkjlmrj urj
or�kq no qn�k rj r{mqn�k l ~nj~sk � nm� l pntko ~komjk lo� jl�n{q � �rjk k�l��skq
ru m�k {qk ru m�kqk � km�r�q � nss � k pntko no m�k ~lqk qm{�nkq no �k~mnro � � �{m
mr no�n~lmk m�k q�oml� �k �jrtn�k rok k�l��sk �kjk � l ~nj~sk ro m�k ��� ul~k ru
l 7w �r�lno �
� �"������� ���� ���� ��*� �� ��*� �� ��� �� � � 	���� �
�� 
#� ���


��	��� �� �� ��� � ��� �� ��� �6 � � ���
	 ���� ��� ��
��k �km�r� ����� pntkq m�k no�k� jlopk urj or�kq no m�k pjn� � �rj m�k pjn�

no �np{jk 
 � urj noqmlo~k � � ������ �� jkm{joq m�k snqm ��� ��� ��� �� � ���k slqm � km�r� no �np{jk 
 nq ���	 �	 ��� � ��k snok
� ����	 �	 ��� ��	�� 
�#��	 �
no l qrstkj �ljmnmnroq m�k pjn� urj �ljlssks ~r��{mlmnroq � �lqk� ro m�k no qmlo~k
ru �	�� 
�#��	 pntko lq ljp{� kom � �o l��nmnro � lss �ks�q �k�ok� rtkj m�k pjn� �
��n~� ljk jkukjko~k� no m�k �k��kj ���#�� � � nss � k �ljlssksn�k� �� m�k � km�r� �
�nolss�� m�k qmko~nsqkm pntko lq ljp{�kom � nss � k �r�n�k� l~~rj�nop mr m�k �lj�
lssksn�lmnro ru m�k pjn� � �o kxk~m � m�nq qnopsk �km�r� notr ~lmnro nq m�k ros� {qkj
nomkjul~k mr �ljlssks ~r��{mnop no v��y �
� �� ����	
�

��k �k��kjq lo� �km�r�q no m�k ~slqq (	�� 
�# ljk r{msnok� no �np{jk � � ��k
�lqn~ tkjqnro ru m�k ~roqmj{~mrj urj l qmko~ns r� � k~m l~~k�mq m�jkk ljp{� komq �
�'� � (	�� 
�# �� ���� � ���
�����$�#�� � ���� 
��� ���
��k ljp{� komq pntko �kjk ljk lsqr m�k �kul{sm ljp{�komq urj m�k ~roqmj{~mrj �
lo� ~lo m�kjkurjk � k r� nmmk� �

_ _init_ _(nsd,varcoeff,source, nodes)

Members:

Methods:

Stencil

nsd: number of space dimensions

varcoeff: True/False − var. coefficients

source: Source value/function

stencil_coeff: dictionary

addNode(index,value): add node

addSource(value): add source

_ _add_ _(stencil): add operator

_ _sub_ _(stencil): subtract operator

_ _iadd_ _(stencil): inplace−add

_ _rmul_ _(val): multiply with scalar 

convert_to_varcoeff()

�np{jk � � �{msnok ru m�k (	�� 
�#~slqq �

�kjk � l m�r��n� koqnrols qmko~ns � nm���k� ~rk� ~nkom � ��� 
�����$�#�� � lo� l
qr{j~k mkj� ru � �� nq ~jklmk� � �u tljnl� sk
~rk� ~nkomq ljk jkz{kqmk� � m�k qr{j~k mkj�
~lo �k pntko lq l u{o~mnro lq �kss �
��� ���� 
���� 
 �� �� � �

��	��� ��� �� �

�� �� �

�'� � (	�� 
�# �� ����� �����
���� 
�
�r�kq ~lo �k l��k� mr l qmko~ns no

m�r �l�q � �njk~ms� ro no qmlomnlmnro {qnop
m�k ����� �k��rj� ljp{� kom � rj � nm� m�k
���2��� �km�r� � ��k or�k nq q� k~n�k� lq
lo rx qkm m{� sk � lo� m�k ~rk� ~nkom nq pntko
lq knm�kj l q~lslj tls{k rj l u{o~mnro �
�'� � (	�� 
�# �� ���� � ����� � )�

�� ��� � � �� ��

�7



�*� ��� � � �� � �� ��� � *! �� � �� ��� � � ���
�� �*�� � � �� +�

�'� ����2��� ��� ��� �� ���

� ��� ��"#� 
���� �
���	 � �
�'� ����2��� ��� ��� �����'��� 
	��� �
��k ����� ljp{� kom q�r{s� � k q�k~n�k�
{qnop m�k q�oml� ru v�m�ro �n~mnroljnkq �

� q q�r�o no �np{jk � � (	�� 
�# q{��
�rjmq l��nmnro � q{�mjl~mnro lo� no��sl~k l��nmnro r�kjlmrjq � nm� lorm�kj qmko�
~ns � n� �sk� komk� � nm� m�k q�k~nls � km�r�q �	 �� � � �� � ''���'' � ''��"'' � lo�
''����'' � � sqr � l qmko~ns ~lo �k q~lsk� �� �{smn�sn~lmnro � nm� l q~lslj � n��sk�
� komk� � nm� ''���#'' �� nolss�� lo noqmlo~k ru (	�� 
�# �nm� ��k� ~rk� ~nkomq � l� �k ~rotkjmk� mr l
tljnl�sk ~rk� ~nkomq qmko~ns lm lo� mn� k �{qnop m�k � km�r� 
�����	'	�'���
���� ��{m m�k ~rotkjqk nq orm �rqqn�sk �
� �� ����	
����

�sm�r{p� (	�� 
�#(�	 �jr�l�s� nq m�k �rqm n��rjmlom l�qmjl~mnro no r{j ujl� k�
�rj� � m�k n��sk� komlmnro ru m�k ~slqq nq jlm�kj q�rjm lo� qmjlnp�murj�lj� � �jr�m�k �rnom ru tnk� ru n��sk� komlmnro � nm nq �lqn~lss� l �sl~k�rs�kj urj qmko~nsq
kz{n�� k� � nm� l sn� nmk� qkm ru r� kjlmrjq � �o r{msnok ru m�k ~slqq nq q�r�o no
�np{jk �� �

��k ~roqmj{~mrj ru (	�� 
�#(�	 ml�kq rok ljp{� kom � l pjn� �
� � �� �� ��� �� � ���� ��� ��� ��� �
, � (	�� 
�#(�	 �� �
��k �km�r� ���(	�� 
�# nq { qk� mr l�� qmko~nsq lo� m�k l~~r��lo�nop nmkjlmrjq
mr lo noqmlo~k ru (	�� 
�#(�	 � �{nml�sk nmkjlmrjq ~lo �k r�mlnok� ujr� m�k
� km�r�q ro m�k pjn� no qmlo~k �
�� � , ����(	�� 
�# ��'� �� ������-���	 � ���
" � � , ����(	�� 
�# �"'� �� �"������� ���

��k tls{k jkm{jok� �� ���(	�� 
�# nq lo nomkpkj no�k� tls{k � ��n~� ~lo �k
{qk� slmkj ro mr jkmjnktk l jkukjko~k mr m�k l��k� qmko~ns ujr� m�k qmko~nsqkm � �rj
m� nq �{j�rqk � (	�� 
�#(�	 n��sk�komkq m�k q�k~nls � km�r�q ''��	 �	�� '' lo�
''��	 �	�� '' �	 �� � � ��� � ��n~� lssr� q qz{ljk �jl~�km r� kjlmrjq mr � k {qk� � nm�noqmlo~kq ru (	�� 
�#(�	 �
�#�'�	�� 
�# � , ��� 
, ��� � ���'�	�� 
�#

StencilList
Members:

Methods:

collection: list of stencils

where: list of iterators

_ _init_ _(grid) : constructor

addStencil(st,it): add stencil and

                                iterator 

_ _call_ _(field): apply to field 

_ _iadd_ _(stencillist): inplace−add

_ _mul_ _(field): alias for call

_ _getitem_ _(index): get stencil for

                                       index

_ _setitem_ _(index,st): replace stencil

                                          for index.

grid: reference to a grid

��k �rqm n��rjmlom r� kjlmrj q{��rjmk�
�� (	�� 
�#(�	 nq m�k �~lss� r�kjlmrj � ��k
�~lss� r�kjlmrj n��sk� komk� � nm� m�k q� k~nls
''
�##'' �km�r� nq l uklm{jk ru r� � k~m rjnko�
mlmnro no v�m�ro ��n~� � l�kq lo no qmlo~k ru
m�k ~slqq � k�ltk sn�k l u{o~mnro � ��nq nq {qk�
mr n��sk� kom m�k snoklj r� kjlmrj �k�ltnr{j
ru m�k qmko~nsqkm � �km , �k lo noqmlo~k ru
(	�� 
�#(�	 � lo� � �k lo no qmlo~k ru $ ��#� ���k {qkj ~lo {qk m�k q�oml� , �� � mr ~lss

��



''
�##'' �nm� � lq ljp{� kom � ��nq r�kjl�
mrj �ls�q m�jr{p� m�k snqm ru qmko~nsq lo� � urj
kl~� ru m�k� � l��snkq m�k qmko~ns lm kl~� or�k
pntko �� m�k ~rjjkq�ro�nop nmkjlmrj � � �ko
m�kjk ljk tljnl�sk ~rk� ~nkomq � lo� ��ko m�k
~rk� ~nkom urj l qmko~ns or�k ~romlnoq �rjk
m�lo rok u{o~mnro � lss u{o~mnroq ljk ktls{�
lmk� � nm� m�k ~rrj�nolmkq urj m�k ~{jjkom
pjn� or�k lq ljp{� kom � ��k jkq{smq ljk m�ko
l��k� mrpkm�kj lo� �{smn�snk� �� m�k tls{k
ru m�k �ks� no m�k pntko or�k � ��k n��sk�
� komk� �~lss� r�kjlmrj q{��rjmq ros� $ ��#�lq r�kjlo� �

�r �k �rjk k�l~m � m�k qkm ru qmko~nsq lo� nmkjlmrjq no m�k qmko~nsqkm nq ro s� mjl�
tkjqk� ro m�k �jqm notr ~lmnro � �rj q{�qkz{kom ~lssq � m�k nourj� lmnro nq lqqk��sk�
no l q�ljqk � lmjn� qmj{~m{jk � ��n~� ~lo �k l��snk� �njk~ms� mr �ks�q � m�{q �nks��
nop ulqm r�kjlmnroq � �u lo� ~rk� ~nkom rj qr{j~k u{o~mnro okk�q mr �k {��lmk� � urj
noqmlo~k �{k mr mn� k �k�ko�ko~�� m�k � lmjn� qmj{~m{jk okk�q mr � k jklqqk��sk� �
��k �km�r�q ����	�%�	�(	�� 
	���� lo� ����	�(��� 
�%�	�(	��
	���� qkm
l �lp no m�k qmko~nsqkm noqmlo~k m�lm mjnppkjq jklqqk��snop ru knm�kj lss �lml rj
�lml urj qr{j~k u{o~mnroq ros�� ro m�k ok�m notr ~lmnro ru m�k ~lss r�kjlmrj �

��k ljnm��kmn~ �{smn� sn~lmnro r�kjlmrj 
 � n� �sk� komk� � nm� m�k q� k~nls
� km�r� ''��#'' nq lo lsnlq urj m�k ~lss r�kjlmrj � ��k jklqro urj m� nq nq m�lm no
m�k ~romk�m ru � k �p �� nmkjlmntk � km�r�q q{~� lq � j�sr� qrstkjq � nm nq ~r��ro mr
�jnmk , 
� � m�{q �kk� nop m�k � lmjn��tk~mrj lolsrp� no m�k q�oml� �

��k slqm � km�r� �komnrok� no �np{jk �� nq ''����'' � ��nq n��sk� komq
m�k no��sl~k ljnm�� kmn~ l��nmnro � 3� � r� kjlmrj � ��n~� nq {qk� mr ~r��nok m�rnoqmlo~kq ru (	�� 
�#(�	 nomr rok r� � k~m �
, � (	�� 
�#(�	 �� �
� ��� �	�� 
�#� 	� ,
���
4 � (	�� 
�#(�	 �� �
� ��� �	�� 
�#� 	� 4
���
� ,�� 4 ��	� , �
, 3� 4
� ~r��ro {qlpk ru m�nq r� kjlmrj � nss � k qkko no �k~mnro � �� �	 �
� �� � 
���

�q �kq~jn�k� l�rtk � $ ��#� nq {qk� mr �rs� q~lslj �ks�q rtkj pjn�q � �r �rs� m�k
o{��kjq � $ ��#� {qkq l rok��n� koqnrols �{�v� ljjl�� qmrjk� no m�k � k��kj
��	� � ��k noqmlo~k ru �� �� m�lm m�k �ks� nq �k�ok� urj nq qmrjk� no �� �� � �o m�k
~lqk m�lm m�k �n� koqnro ru m�k pjn� nq sljpkj m�lo rok � m�k jkq�l�k u{o~mnrolsnm� no
�{�v� nq {qk� mr ~jklmk lo l{�nsnlj� �lml qmj{~m{jk �������	� m�lm jkukjko~kq
m�k �lml ljjl�� �{m ~lo �k no�k�k� � nm� �{smn�n� koqnrols no�n~kq l~~rj�nop
mr m�k pjn� � �jnm�� kmn~ r� kjlmnroq ~lo �k ~ljjnk� r{m �rjk k� ~nkoms� ro m�k
rok��n� koqnrols �lml � ��nsk l �{smn�n� koqnrols qmj{~m{jk nq ~rotkonkom ��ko
�rj�nop � nm� m�k qmko~nsq � ��k � k��kjq lo� �km�r�q ru $ ��#� ljk r{msnok� no
�np{jk ���

��k ~roqmj{~mrj no $ ��#� ml�kq lo no qmlo~k ru �� �� lq ljp{� kom �
� � �� �� ��� �� � ���� ��� ��� ��� �

��



� � $ ��#� �� �

Members:

Methods:

_ _setitem_ _(index,val): set value

_ _getitem_ _(index): get value

_ _add_ _(field): add operator

_ _sub_ _(field): subtract operator

fill(func): fill with values from func.

_ _init_ _(grid) : constructor

plot(): create 2D/3D plot

inner(field): innerproduct 

_ _rmul_ _(val): multiply w. scalar 

Field

shapedata: reference to data

data: numeric array, 1D

grid: reference to grid

_ _mul_ _(val): multiply operator

                            as left operand.

�np{jk ��� �{msnok ru m�k $ ��#�~slqq �

$ ��#� q{��rjmq l ~rssk~mnro ru r� kjlmrjq
~r��ros� {qk� urj tk~mrjq � �k~mrj r�kjl�
mnroq ro �ks�q ljk ~ljjnk� r{m �njk~ms� ro
m�k {o�kjs�nop �{�v� ljjl�� { qnop k� ~nkom
r� kjlmrjq n��sk� komk� no �{�v�� ��kqk
r� kjlmrjq no~s{�k l��nmnro � q{�mjl~mnro � lo�
�rnom� nqk �{smn�sn~lmnro � nm� lorm�kj $ ��#� �lo� �{smn�sn~lmnro � nm� l q~lslj � � ss m�kqk
r� kjlmnroq ljk n��sk� komk� � nm� m�k ~rjjk�
q�ro�nop q� k~nls � km�r�q � lq qkko no �np�
{jk ��� lo� �ko~k ~lssk� {qnop m�k ~r��ro
ljnm�� kmn~ r�kjlmrjq �
� � � $ ��#� �� �
�� � $ ��#� �� �
� � � �3�� � � � � �*�� � � � � �
��
� � 6 ��
� �
�z{ljk �jl~�km ormlmnro ~lo �k {qk� mr l~�
z{njk lo� qkm tls{kq urj no�ntn�{ls or�kq �

��kjk ljk m�jkk �rjk � km�r�q no �np�
{jk ��� � njqm � m�kjk nq � �## � ��n~� � ssq m�k
�ks� � nm� tls{kq �lqk� ro l u{o~mnro �
��� �� �	��� 
 �� �� � �

��	��� ��� �� �

�� �� �
� ���## ��� �	��� 
�
��k ljp{�kom mr m�k q{��snk� u{o~mnro � nss � k ~rrj�nolmkq urj kl~� or�k no m�k
pjn� � pntko lq l snqm � �rmk m�lm m�k ~rrj�nolmkq � nss lsqr � k pntko lq l snqm urj rok�
�n� koqnrols pjn�q � �{jm�kj � noqmlo~kq ru $ ��#� �ltk m�k �km�r� ����� � ��n~�~r��{mkq m�k nookj �jr�{~m ru m�r �ks�q � lo� �#�	 � ��n~� ~jklmkq l pjl��n~ls
�srm urj rok� rj m�r��n� koqnrols �ks�q �
� �� ���� ��� �
���
��

� �ljlssks noujlqmj{~m{jk nq ok~kqqlj� no rj�kj mr {mnsn�k l �ljlssks ~r��{mkj �
��kjk ljk qktkjls �nxkjkom l��jrl~�kq mr n��sk�komnop �ljlssksnq� � qkk k �p � ��	 �
77 � � � ��� � �o v��y �k �ltk {qk� m�k �k ul~mr qmlo�lj� urj �ljlssks ~r��{m�
nop � �v� ��7 � 	� � 	�� � ��n~� nq � n�ks� ltlnsl�sk lo� {qk� � ��kjk ljk qktkjls
v�m�ro �r�{skq m�lm �jrtn�kq �jl��kjq mr �v� � qr� k ru m�k� ljk ���v� �	� � �
� �n��� �
� � �~nkomn� ~ ��v� ���� � lo� v��lj �	�� � �lqk� ro nmq qn��sn~nm� lo�
nmq l� nsnm� mr ~r��{on~lmk o{� kjn~ls ljjl�q no l tkj� k� ~nkom � lookj � �k �ltk
~�rqko mr {qk v��lj � v��lj ro s� n��sk� komq l sn� nmk� � �{m n��rjmlom � q{�qkm ru
�v� � �rj noqmlo~k � oro�sr ~�nop qko� lo� jk~kntk nq orm n��sk� komk� � � sqr � nm nq
orm �rqqn�sk mr {qk �v� ~r��{on~lmrjq � nm� v��lj � �r�ktkj � urj r{j �jr� k~m �nm nq �kss�q{nmk� �� q m�k l~m{ls n��sk� komlmnro ru m�k l{mr� lmn~ �ljlssksn�lmnro nq z{nmk no�
trstk� � lo� lsqr oktkj k��rqk� mr m�k {qkj �njk~ms�� �k �r orm �kjk no~s{�k l
�nq~{qqnro ru m�nq mr�n~ �
� �� ��� ��� ����� 	
�	�
��� ��� ��� ��

�k �nss or� �nq~{qq qr� k ru m�k rm�kj mrrsq m�lm ljk n��sk� komk� no m�k ujl� k�
�rj� � ��nq no~s{�kq qr� k n��sk� komk� qmko~nsq � qr�k nmkjlmntk qrstkjq � lo� l

��



�np{jk �	 � � qmko~ns � r�n�k� urj l � k{� loo �r{o�lj� ~ro�nmnro �

mrrs urj n��sk� komnop �k{� loo �r{o�lj� ~ro�nmnroq � ��kqk mrrsq ljk �rm� ru�
mko {qk� � lo� ~lo qkjtk lq k�l��skq ru �r� v��y ~lo �k {qk� � � nolss�� �k lsqr
�nq~{qq m�k nmkjlmrjq mr � k {qk� no qmko~nsqkmq �
� �� ��  !�"#���
�r{j qmko~nsq ljk n��sk� komk� � lo n�komnm� qmko~ns � l qmko~ns urj m�k �l�sl~k r�kj�
lmrj � l �r�n�k� �l�sl~k qmko~ns � lo� l qmko~ns urj w njn~�skm �r{o�lj� ~ro�nmnroq �
� ss qmko~nsq ljk n��sk� komk� lq q{�~slqqkq ru m�k (	�� 
�# ~slqq �

��k ~slqq ����	 �	� n��sk�komq l qmko~ns � nm� m�k ~rk� ~nkom ��� no m�k ~komjk
lq m�k ros� or�k � ��k ~roqmj{~mrj ml�kq l qnopsk �ljl� kmkj � m�k o{��kj ru q�l~k
�n� koqnroq �

��k �nq~jkmk �l�sl~k r�kjlmrj � ��n~� jkq{smq ujr� {qnop ~komjk� �nxkjko~kq
ro m�k �l�sl~k r�kjlmrj

∇2
� nq rumko ko~r{omkjk� no l��sn~lmnroq � ��k �nq~jkmk

urj� �k�ko�q ro m�k �ntnqnro �ljl�kmkj ru m�k pjn� lq �kss lq m�k o{��kj ru
q�l~k �n� koqnroq � �k �ltk n��sk� komk� l ���#�
� ~slqq m�lm �{ns�q m�k qmko~ns
urj m�k �l�sl~k r� kjlmrj no lo� o{��kj ru q�l~k �n� koqnroq � ��kjk m�k �ntnqnro
�ljl�kmkj no m�k pjn� � l� �k �nxkjkom urj kl~� �n� koqnro � �o noqmlo~k ru �� ��nq m�k jkz{njk� ljp{� kom urj m�k ~roqmj{~mrj �

��k ~slqq ���#�
�� n� �sk� komq l tkjqnro ru m�k �nq~jkmk �l�sl~k r�kjlmrj
��kjk m�k ~rk� ~nkom urj m�k ~komjk or�k nq �kjr � lo� m�k rm�kj ~rk� ~nkomq ljk
�{smn�snk� � nm� m�k notkjqk ru m�k ~rk� ~nkom urj m�k ~komjk or�k no m�k jkp{ slj
�nq~jkmk �l�sl~k r� kjlmrj � ��nq nq � urj noqmlo~k � m�k qmko~ns m�lm � nss l��klj ��kol �l~r�n nmkjlmnro nq l��snk� mr m�k q~�k� k urj m�k �l�sl~k kz{lmnro

∇2u = f
�

lq pntko no |	} �
��k slqm qmko~ns �k �ltk n��sk�komk� nq l w njn~�skm �r{o�lj� ~ro�nmnro �

no m�k ~slqq % �� �
�#�	4������� � ��nq nq l qmko~ns m�lm �rkq orm �ltk or�kq �
�{m �rkq �ltk l oro�kjr qr{j~k mkj� m�lm jk�jkqkomq m�k kqqkomnls �r{o�lj�
~ro�nmnro � �ko~k � m�k ljp{� komq mr m�k ~roqmj{~mrj ljk m�k o{��kj ru q�l~k
�n� koqnroq lo� m�k �r{o�lj� ~ro�nmnro � lq l u{o~mnro �
� �� �� � ����"" ���"���	 
�"��!��"�
��nsk no �jno~n� sk klq�� m�k n��sk� komlmnro ru l �k{�loo �r{o�lj� ~ro�nmnro
~lo �k ~�lsskopnop � lm sklqm urj �{smn�sk �n�koqnroq � ��k �k{� loo ~ro�nmnro nq
nomkj�jkmk� lq lo l{�nsnlj� ~ro�nmnro {qk� mr ksn� nolmk or�kq m�lm ulss r{mqn�k m�k
~r��{mlmnrols �r�lno � ujr� qmko~nsq lm m�k �r{o�lj�� lq �nq~{qqk� no �k~mnro 	 �
� �n~� or�kq � lo� ktko m�k o{��kj ru or�kq � mr � k ksn� nolmk� � tljnkq urj m�k

�
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�np{jk �7 � ir�k urj m�k �l~r� n nmkjlmnro

�nxkjkom �ljmq ru m�k �r{o�lj�� lo� qr nm nq l ~r��sk� mlq� mr n��sk� kom m�k
qmko~nsq urj m�k �k{� loo ~ro�nmnro lo� m�k nmkjlmrjq m�lm ljk okk�k� urj kl~� ru
m�k� � �np{jk �	 q�r� q m�jkk �nxkjkom k�l��sk �r{o�lj� qmko~nsq � urj m�k {��kj
�r{o�lj�� m�k jnp�m �r{o�lj�� lo� m�k sr�kj skum ~rjokj � � q �k qkk � rok or�k nq
jk�rtk� ujr� m�k {��kj �r{o�lj� qmko~ns � lorm�kj rok ujr� m�k jnp�m �r{o�lj�
qmko~ns � ��nsk m�r or�kq ljk jk�rtk� ujr� m�k ~rjokj qmko~ns �

�r qn��snu� m� nq mlq� � l u{o~mnro � nm� m�k ol� k 
���	�2��� ���4������� nq
n��sk�komk� � ��nq u{o~mnro ~jklmkq l qkm ru qmko~nsq mrpkm�kj � nm� m�k l~~r� �
�lo�nop nmkjlmrjq � ��n~� n��sk�komq m�k �k{� loo ~ro�nmnro ro l �ljm � rj m�k
��rsk �r{o�lj�� ru l pjn� � ��k qmko~ns m�lm q�r{ s� � k �r�n�k� lm m�k �r{o�lj�
�{qm � k pntko lq lo ljp{�kom mr m�k ~jklmk u{o~mnro � �{jm�kj � nm okk�q l pjn� �
m�k � k{� loo ~ro�nmnro lq l ~roqmlom rj l u{o~mnro � lo� l q�k~n�~lmnro ru m�k
�r{o�lj�� ��k �r{o�lj� q�r{s� �k q� k~n�k� lq urj m�k "������� �km�r� no
�� �� � ��k ~jklmk u{o~mnro jkm{joq l ok� qmko~nsqkm � nm� lss m�k �r�n�k� qmko~nsq
lo� m�knj nmkjlmrjq � ��k �r{o�lj� q�k~n�~lmnro ~lo �k {qk� mr qksk~m l �ljm ru
m�k �r{o�lj� ru m�k pjn� ��kjk m�k ~ro�nmnro q�r{s� � k {qk� � �o m�nq �l�� �nxkj�kom �r{o�lj� ~ro�nmnroq ~lo �k n��sk�komk� ro �nxkjkom �ljmq ru m�k �r{o�lj��
y�l��skq � nss � k �jrtn�k� no m�k ~lqk qm{�nkq no �k~mnro � �

��k qmko~nsqkm �jr�{~k� �� 
���	�2��� ���4������� ~lo knm�kj � k l��k�
mr lorm�kj qmko~nsqkm � ��n~� ~romlnoq qmko~nsq urj m�k jkqm ru m�k �r� lno � rj
qmko~nsq lo� nmkjlmrjq urj rm�kj �ljmq ru m�k �r� lno ~lo �k l��k� mr m�k �jr�{~k�
qmko~nsqkm � ��k no��sl~k l��nmnro r�kjlmrj ro qmko~nsqkm �lq ~jklmk� urj m�k
�{j�rqk ru l��nop m�nq ~jklmk� qmko~nsqkm mr lorm�kj k� nqmnop qmko~nsqkm no m�k{qkj
~r�k �
� �� �� ��� ��� �"!��  � �����
�kplj�nop �njk~m rj k��sn~nm qrstkjq � m�kjk nq jklss� orm�nop mr n��sk� kom � � k~l{qk
l qmk� rj lo nmkjlmnro no lo k��sn~nm � km�r� � nss qn��s� l��s� m�k qmko~nsqkm mr
qr� k �ks� ru {o�or�oq � �o k�l��sk ru l �njk~m qrstkj �lq pntko no �k~mnro � �

��kjk ljk m�r nmkjlmntk qrstkjq n��sk� komk� no m�k ujl� k�rj� � m�k �l�
~r�n nmkjlmnro lo� m�k iro�{plmk � jl�nkom nmkjlmnro � ltlnsl�sk lq m�k u{o~mnroq
��
�" � �5�
�" � lo� ���5���� �
��5���� � �rmk m�lm m�kqk qrstkjq ljk �jrtn�k�
lq k�l��skq ru �r� snoklj qrstkjq ~lo �k n��sk� komk� no v�m�ro no pkokjls lo�
v��y no �ljmn~{slj � � rqm jkls��rjs� l��sn~lmnro � nss jkz{ njk �jk~ro�nmnronop ru
m�k snoklj q�qmk� � ��n~� nq orm n��sk� komk� no m�kqk k�l��skq �

�o �np{jk �7 �k q�r� m�k ~r�k urj m�k �l~r�n nmkjlmnro � � ntko l qmko~nsqkm

�
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�np{jk �� � ir�k urj m�k iro�{plmk � jl�nkom nmkjlmnro

, � l �ks� urj m�k nonmnls p{kqq ru m�k qrs{mnro � � � lo� l �ks� urj m�k jnp�m��lo�
qn�k no m�k �jr�sk� � " � m�k �l~r�n nmkjlmnro nq �kjurj� k� no rj�kj mr �o� lo
l��jr� n� lmk qrs{mnro urj � � � ~rotkjpko~k ~jnmkjnro ~lo �k q� k~n�k� lq l ur{jm�
ljp{�kom rj � nm� m�k �k��rj� 	�#���� 
� � ��kjk nq lsqr l ~�rn~k ru {qnop l
jkslmntk ~rotkjpko~k ~jnmkjnro � �� qkmmnop m�k �lp ��#�	 ���
��� mr ���� � �o
m�lm ~lqk � m�k orj� ru m�k jkqn�{ls nq �ntn�k� �� m�k orj� ru m�k jnp�m��lo� qn�k
� kurjk � knop ~�k~�k� lplnoqm m�k mrskjlo~k � ��k �kul{sm tls{kq urj m�k mrskjlo~k
lo� m�k jkslmntk ~rotkjpko~k �lp ljk

1.0e−5
lo� $�#�� � jkq�k~mntks���k�lj� m�lm ktko m�r{p� �k ljk �rj�nop � nm� ~slqqkq n��sk� komk� no v�m�ro �

� rqm ru m�k ljnm�� kmn~ r�kjlmnroq ljk ~ljjnk� r{m �njk~ms� ro m�k {o�kjs�nop
�lml ljjl�q � ��kjk m�kqk r�kjlmnroq ljk n��sk� komk� no l sr��sktks ~r��nsk�
slop{lpk � {q{lss� i � �o m�nq �l�� �k~kom o{�kjn~ls k� ~nko~� ~lo �k l~� nktk� �
� sqr � ormk �r� {o~s{mmkjk� m�k n��sk� komlmnro nq � ��nq nq l~�nktk� �� {mnsn�nop
m�k r�kjlmrj rtkjsrl�nop ~ro~k�m m�lm nq ~r��ro mr r� � k~m�rjnkomk� slop{lpkq mr
�k�ok m�k l~mnro ru ~r��ro ljnm�� kmn~ r� kjlmrjq urj lo� r� � k~m � ��k ��ol� n~
m��nop no v�m�ro nq lsqr lo n��rjmlom ul~mrj �

�o �np{jk �� �k q�r� m�k ~r�k urj m�k iro�{plmk pjl�nkom qrstkj � lq n��sk�
� komk� no ���5���� �
��5���� � ��k qnpolm{jk ru m�k u{o~mnro nq k�l~ms� m�k
ql� k lq urj m�k �l~r�n qrstkj � q{~� m�lm m�k qrstkjq ~lo �k nomkj~�lopk� �

��kjk ljk m�r qmjn� nop ul~mq m�lm q�r{s� � k � komnrok� jkplj�nop m�k ~r�kq no
�np{jk �7 lo� �� � � njqm � nm nq �rjm���nsk mr ormk m�k jkqk��slo~k ru m�k ~r�k mr
�qk{�r ~r�k � � sm�r{p� ��lm �k q�r� �kjk nq jkls � �rj�nop ~r�k lq n��sk� komk�
no m�k ujl� k�rj� � nm srr�q tkj� �{~� sn�k �qk{�r ~r�k urj m�k ql� k lsprjnm�� q
no lo� mk�m�rr� � ��k n��rjmlo~k ru m�nq nq m�lm m�k ~r�k nq klq� mr {o�kjqmlo� �
lo� m�lm nm nq z{nmk klq� mr n��sk� kom rm�kj qrstkjq nu �r{ �ltk �qk{�r ~r�k urj
m�k lsprjnm�� ltlnsl�sk � lq lo ls� rqm snok �� snok mjloqslmnro mr v�m�ro ~r�k
nq �rqqn�sk � ��k qk~ro� �rnom nq m�lm m�kjk nq or jkukjko~k mr �ljlssksnq� no
m�k ~r�k � � q m�k ~r��rokomq {qk� ljk no�kjkoms� �ljlssks � m�kjk nq or okk� mr
~roqn�kj �ljlssksnq� k��sn~nm s� no m�k qrstkjq �

� nolss�� �k �r{s� sn�k mr jk� lj� m�lm lsm�r{p� m�k r� � k~m , �lq q{��rqk� mr
� k l qmko~nsqkm lo� m�k r� � k~mq � lo� " �ks�q � m�kjk nq orm�nop no m�k n��sk� komk�
qrstkjq m�lm jkz{njk m�nq � �o� r� � k~mq m�lm q{��rjm m�k ljnm�� kmn~ r� kjlmnroq
{qk� � lq �kss lq m�k nookj �jr�{~m lo� m�k ~r�� r�kjlmnroq � ~lo �k {qk� � nm� m�k
qrstkjq � �ko~k � nu , nq l � lmjn� lo� � lo� " ljk tk~mrjq � m�k ql� k qrstkjq ~lo �k

��
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�np{jk �� � ijklmk lo� {qk l 	��#��	���	��

{qk� �njk~ms� no l q~lslj ~romk�m � �o l �ljlssks ~romk�m � ros� m�k �ljlssks tkjqnroq
ru , 
� lo� m�k nookj �jr�{~m �{qm � k n��sk� komk� �kurjk m�k qrstkjq ~lo �k
{qk� � nm� � lmjn� lo� tk~mrjq no m�nq ~lqk � ��nq nq l uklm{jk � l�k �rqqn�sk ��
{qnop l ��ol� n~lss��m�� k� slop{lpk q{~� lq v�m�ro �
� �� �� ��� ��� �"!�!��" � � �!���!���
�o m�k  	 �#� �r�{sk ru v��y �k �ltk n��sk� komk� l uk� �rjk {qku{s mrrsq �
��k �rqm n��rjmlom ljk m�k nmkjlmrjq �k {qk no qmko~nsqkmq mr �kq~jn� k qkmq ru
no�n~kq no pjn�q ��kjk l qmko~ns q�r{ s� �k l��snk� �

� sk� n�nsnm� jkplj�nop �r� qmko~nsqkmq ~lo �k ~jklmk� nq rok ru m�k � lno qmjkopm�q
ru r{j ujl� k�rj� � � k~l{qk nm rxkjq l �r�kju{s mrrs urj q� k~nu� nop lo� qrstnop l
sljpk ~slqq ru �jr�sk� q � �m ~lo �k l �n� ~{sm mlq� mr qksk~m l q{�qkm ru no�n~kq
ujr� m�k slmmn~k pjn� urj l qmko~ns � lm sklqm no m�k �{smn�n� koqnrols ~lqk � ��kol oromjnt nls q{�qkm nq ~lssk� urj � �ko~k � �k �ltk n��sk� komk� l qkm ru nmkjlmrj
~slqqkq m�lm q�r{s� pntk m�k jkz{ njk� �k� n�nsnm�� ��nsk � lnomlnonop l jkslmntks�
qn��sk {qkj nomkjul~k � �o l��nmnro � m�k nmkjlmrjq �k �ltk n��sk� komk� �lo�sk
m�k jkz{njk� komq ru �ljlssksn�lmnro � ��k n��sk� komk� nmkjlmrjq ljk m�k �lqnq urj
m�k �km�r�q no �� �� m�lm jkm{jo qkmq ru no�n~kq |qkk �k~mnro � ��} � lo� urj m�k

���	�2��� ���4������� u{o~mnro � �rj l sljpk jlopk ru ~lqkq � m�kqk � km�r�q
q�r{s� � k q{� ~nkom � �{m urj ktko �rjk �k� n�nsnm�� m�k ~slqqkq �jkqkomk� �kjk ~lo
�k {qk� �njk~ms�� �rj m�k k�l��skq �jkqkomk� no m�nq �l�kj � �k � nss l��kjk mr
m�k nomkjul~k �jrtn�k� �� �� �� lo� m�k ~jklmk u{o~mnro urj �k{� loo ~ro�nmnroq �

��kjk ljk ur{j �nxkjkom nmkjlmrjq n��sk� komk� no m�k  	 �#� �r�{sk � � njqm �
m�kjk nq l pkokjls ~slqq ol� k� 	��#��	���	�� � ��n~� nq {qk� �� m�k rm�kj �rjk
q�k~nlsn�k� nmkjlmrjq � �{m ~lo lsqr � k {qk� �njk~ms�� ��k ol� k jk�k~mq m�k ul~m
m�lm m�k ksk� komq �jr�{~k� ljk no�n~kq pntko lq m{�skq � � np{jk �� q�r� q �r� l
	��#��	���	�� nq ~jklmk� � lq �kss lq ql��sk {qlpk � �jp{� komq ljk m�k o{��kj
ru q�l~k �n� koqnroq lo� m�k jlopk ru m�k m{�skq pkokjlmk� � q�k~n�k� �� m�k
� no n�{� lo� �l�n�{� ~rjokjq � � qnop 	��#��	���	�� � m�k {qkj ~lo pkokjlmk
m{�skq urj lo� ��r��q�l�k�� jkpnro no l pjn� � no rj�kj mr lqqnpo l �ljmn~{ slj
qmko~ns mr m�nq jkpnro � ��k �n� koqnro ru m�k ��r�� �rkq orm okk� mr � k m�k ql� k
lq m�lm ru m�k pjn� � l 	w jkpnro no l 7w pjn� ~lo �k qksk~mk� �� skmmnop lo�
o{��kj ru tls{kq no m�k � no n�{� lo� �l�n�{� ~rjokjq q�k~n�k� �k m�k ql� k �
�o k�l��sk nq q�r�o no �np{jk �� � ��kjk l jkpnro no m�k ��� �slok |���} nq
qksk~mk� no mkj� q ru 7w no�n~kq � ��n~� ~r{s� � k {qk� mr qksk~m l jkpnro ujr� l
7w pjn� �

�o l��nmnro mr 	��#��	���	�� � m�k urssr� nop nmkjlmrj ~slqqk� ljk n��sk�

	�



�komk� � ��������#��	���	�� urj nookj or�kq � "����������#��	���	�� urj
�r{o�lj� or�kq lo� 
��������#��	���	�� urj ~rjokj or�kq � ��k qnpolm{jk urjm�k ~roqmj{~mrj nq m�k ql� k urj lss m�kqk nmkjlmrjq � m�k o{��kj ru q�l~k �n� ko�
qnroq � m�k � no n�{� m{�sk � lo� m�k � l�n�{� m{�sk �

� nolss�� m�kjk nq l q� k~nls nmkjlmrj n��sk�komk� urj ~nj~{ slj jkpnroq � ��nq
nmkjlmrj nq q�k~nls no m�lm nm � jl�q lo� ru m�k rm�kj nmkjlmrjq � lo� jkqmjn~mq m�k
no�n~kq mr m�rqk knm�kj r{mqn�k rj noqn�k l ~nj~sk rj q��kjk � nm� pntko jl�n{q lo�
~komjk � � �nsk lss m�k rm�kj nmkjlmrjq ro s� �jr�{~k qkmq ru no�n~kq � m�k ~nj~sk
nmkjlmrj okk�q mr jkslmk mr qr� k pjn� � no rj�kj mr ~r��{mk m�k �nqmlo~k � km�kkol pntko �rnom lo� m�k ~komjk ru m�k ~nj~sk � ��k ~slqq nq ol� k� 
�� 
#��	���	�� �lo� m�k ~roqmj{~mrj jkz{njkq ur{j ljp{�komq � lo nmkjlmrj �jrtn�nop m�k no�n~kq �
l pjn� � m�k ~komkj � lo� m�k jl�n{q � �o l��nmnro � m�k �njk~mnro ~lo �k q�k~n�k� lq
knm�kj ��� � rj ���	 �� ��� � nq m�k �kul{sm �

� ���� �bfeh��
�k or� �jkqkom m�jkk ~lqkq m�lm �jrtn�k l �kmmkj {o�kjqmlo�nop ru �r� v��y
~lo �k {qk� � �o m�k �jqm ~lqk � �k notkqmnplmk m�k ~rotkjpko~k rj�kj ru �nxkjkom
�onmk �nxkjko~k q~�k�kq urj l �ltk kz{lmnro no m�r q�l~k �n�koqnroq � ��k
qk~ro� ~lqk ~ro~kjoq lorm�kj l��sn~lmnro ru m�k �ltk kz{lmnro no m�k qn�{slmnro
ru {smjlqron~ l~r{qmn~ls �ltkq � ~r��ros� �or�o lq {smjlqr{o� � �o m�nq ~lqk � m�k
�ltk kz{lmnro nq qrstk� no m�jkk q�l~k �n� koqnroq � �o m�k slqm ~lqk � �k jktnqnm m�k�klm ~ro�{~mnro �jr� sk� no kz{lmnroq |
l�
~} � nm� �rjk ur~{q ro �kjurj� lo~k �
� �� ���� ��
��
�� 
� �� � � 	��������	� ��
��

iroqn�kj m�k �ltk kz{lmnro �

utt = ∇2u, (x, t) ∈ Ω × R
+,

u(x, 0) = f(x), x ∈ Ω,

ut(x, 0) = 0, x ∈ Ω.

|�� }

�r{o�lj� ~ro�nmnroq no r{j k��kjn� komq � nss � k knm�kj m�k �r�rpkokr{q wnjn~��
skm ~ro�nmnro �

u(x, t) = 0, (x, t) ∈ ∂Ω × R
+,

|��}
rj m�k �r�rpkokr{q � k{� loo ~ro�nmnro �

∂u(x, t)

∂n
= 0, (x, t) ∈ ∂Ω × R

+.
|�	}

�{jm�kj � �k lqq{� k m�lm
Ω = [−1, 1] × [−1, 1]

� � qnop l qk~ro��rj�kj �nxkjko~k
no mn� k � �k r�mlno m�k qk� n��nq~jkmk urj� �

un+1 − 2un + un−1

∆t2
= ∇2un,

|�7 }
��n~� pntkq m�k k��sn~nm q~�k�k

un+1 = 2un − un−1 + ∆t2L∆un.
|�� }

�kjk �
L∆u

jk�jkqkomq m�k �nq~jkmn�lmnro ru m�k �l�sl~k r� kjlmrj �
�u �k l��s� m�k ~komjk� �nxkjko~k urj m�k �l�sl~k r�kjlmrj � lq �k �n� urj m�k

�klm ~ro�{~mnro �nq~{qqk� no �k~mnro 	 |qkk k �p �� kz{lmnro |	}} � m�k kjjrj q�r{s�
m�krjkmn~lss� � k ru qk~ro� rj�kj no mn� k lo� q�l~k �

e = O(∆t2, h2).
�kjk � lo�

no m�k jkqm ru m�nq qk~mnro � �k lqq{� k
h = ∆x = ∆y.

�� noqmkl� {qnop l ��� rnom

	 �
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�np{jk �� � ��� rnom qmko~ns ru m�k ~r��l~m ur{jm��rj�kj q~�k� k urj m�k �l�sl~k
r� kjlmrj no 	w �

q~�k� k urj m�k �l�sl~k r�kjlmrj |qkk ��� � ~� � 
 �7�} � �k r�mlno m�krjkmn~lss� l
q~�k� k � nm� kjjrj

e = O(∆t2, h4)
� ��k ~rk� ~nkomq no m�k ��� rnom qmko~ns � nss � klq no �np{jk �� �

irotkjpko~k urj m�k �jr�sk� ~lo �k n��jrtk� ktko u{jm�kj �� {qnop l �np�kj�
rj�kj � km�r� urj m�k mn� k �kjntlmntk � �k � nss {qk l ur{jm��rj�kj ��qmj��
�km�r� ��� � ~� � �� ��� � urj m�k mn� k �kjntlmntk no rj�kj mr pkm lo kjjrj kqmn� lmk
e = O(∆t4, h4)

�
�rj m�k �jr�sk� � nm� l w njn~�skm �r{o�lj� ~ro�nmnro �k k��k~m mr qkk ~srqk mr

r�mn� ls ~rotkjpko~k rj�kj no m�k k��kjn� komq � �rj m�k �jr� sk� � nm� l � k{� loo
�r{o�lj� ~ro�nmnro � �k � nss { qk m�k 
���	�2��� ���4������� u{o~mnro no v��y �
��n~� n��sk� komq l qk~ro��rj�kj l��jr�n� lmnro ru m�k �r{o�lj� ~ro�nmnro �
�ko~k � m�krjkmn~lss�� �k r�mlno l qk~ro��rj�kj q~�k�k urj m�k ��rsk �r� lno �
ktko nu l ur{jm��rj�kj ��� rnom q~�k� k nq {qk� urj m�k nookj or�kq no m�k �r� lno �

�rj �rm� m�k wnjn~�skm lo� � k{� loo �r{o�lj� ~ro�nmnro ~lqkq � �k ~lo
~�rrqk m�k lols�mn~ls qrs{mnro ru |��} � lo� �kjntk m�k nonmnls u{o~mnro

f(x)
lo�

m�k �r{o�lj� ~ro�nmnro � ��k kjjrj ~lo m�ko �k ~r��{mk� lq m�k q{� rtkj lss
mn� k qmk�q ru m�k �nq~jkmk

L2

orj� ru m�k �nxkjko~k � km�kko m�k lols�mn~ls lo�
l��jr� n� lmntk qrs{mnroq � �{smn�snk� � nm� ∆t

�

e = (∆t
∑

n

h2
∑

i,j

(un
i,j − an

i,j)
2)1/2.

�kjk �
ui,j

nq m�k l��jr�n� lmnro ru m�k qrs{mnro lo�
ai,j

nq m�k lols�mn~ls qr s{mnro
no m�k or�kq ru m�k pjn� � ��k kjjrj kqmn� lmk urj r{j �jr� sk� ~lo �k �jnmmko no
m�k urj�

e = A∆tα + Bhβ.�u �k lqq{� k
α = 2

lo�
β = 4

� lo� ~�rrqk
∆t ≤ h2

� �k pkm

e = A∆t2 + Bh4 = A(h2)2 + Bh4 = Ch4.

�ko~k � nu
∆t

nq ~�rqko q{~� m�lm
∆t ≤ h2

� �k k��k~m mr r�qkjtk ur{jm��rj�kj ~ro�
tkjpko~k ��ko l ur{jm��rj�kj l��jr� n� lmnro nq {qk� no q�l~k � ktko nu l qk~ro��
rj�kj q~�k�k nq {qk� urj m�k mn� k �kjntlmntk � �rj qk~ro��rj�kj l��jr� n� lmnro
no �rm� q�l~k lo� mn� k � �k pkm

e = Ch2

�� ~�rrqnop
∆t ≤ h

� lo� �ko~k �k k��k~m mr r�qkjtk qk~ro��rj�kj ~rotkjpko~k
no m�nq ~lqk � �o m�k ql� k �l�� ur{jm��rj�kj ~rotkjpko~k nq k�� k~mk� urj m�k
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�l�sk � � y jjrj lo� ~rotkjpko~k jlmk urj m�k �ltk kz{lmnro � nm� wnjn~�skm �r{o��
lj� ~ro�nmnro � � nm� ∆t = 2.5e − 03

� q{~� m�lm
∆t ≤ h

urj m�k q� lsskqm
h
� y np�m

mn� k qmk�q �kjurj� k� �

O(∆t4, h4)
q~�k� k � ��n~� nq r�mlnok� �� ~r��nonop m�k ��� rnom q~�k�k no q�l~k

� nm� l ur{jm��rj�kj ��qmj�� �km�r� no mn� k �
�lqk� ro m�k �nq~{qqnro l�rtk � �k �k lqq{� k lo kjjrj �r�ks ru m�k urj�

e = Chα

urj r{j k��kjn� komq � lo� {qk l snoklj sklqm qz{ljk �m mr ~r��{mk
C

lo�
α

ujr�
m�k k��kjn� komls �lml � �k {qk m�k urssr� nop sl�ksq urj m�k k��kjn� komq � ��� % urjm�k q~�k� k �lqk� ro m�k ~komkjk� �nxkjko~k no mn� k lo� m�k ���rnom qmko~ns urj
�l�sl~k � ��� % urj m�k q~�k� k �lqk� ro m�k ��� rnom qmko~ns urj �l�sl~k lo� m�k
ql� k �nxkjko~k no mn� k � lo� ��� % � � �kormkq m�lm m�k ur{jm��rj�kj ��qmj��
q~�k� k no mn� k lo� m�k ���rnom qmko~ns urj �l�sl~k nq {qk� � ��k jkq{smq ru r{j
k��kjn� komq ljk pntko no �l�skq ��
 � � q k��k~mk� urj m�k wnjn~�skm �r{o�lj�
~ro�nmnro �jr�sk� � �k pkm ~srqk mr qk~ro��rj�kj ~rotkjpko~k urj m�k ��� % q~�k� k
��ko ∆t ≤ h

� lo� ur{jm��rj�kj ~rotkjpko~k urj ��� % lo� ��� % � � ��ko ∆t ≤ h2
�

�rj ��� % � � �k pkm ~srqk mr ur{jm��rj�kj ~rotkjpko~k lsqr ��ko ∆t ≤ h
urj m�k

w njn~� skm �jr�sk� � ��nsk m�k ~rotkjpko~k jlmk ru ��� % nq ~srqk mr 	 no m�nq ~lqk �
��k ~rotkjpko~k jlmk urj m�k �k{�loo �r{o�lj� ~ro�nmnro �jr�sk� �k�

pjl�kq urj m�k q~�k� kq {qnop ur{jm��rj�kj l��jr� n� lmnro no q�l~k � � k~l{qk m�k
�k{� loo ~ro�nmnro nq n��sk� komk� � nm� ros� l qk~ro��rj�kj l��jr� n� lmnro �
�r�ktkj � nm nq nomkjkqmnop mr r�qkjtk m�lm �k pkm m�nj��rj�kj ~rotkjpko~k urj
�rm� ��� % lo� ��� % � � no m�nq ~lqk ��koktkj ∆t ≤ h

� ��nq no�n~lmkq m�lm
m�k qk~ro��rj�kj l��jr� n� lmnro ru m�k �k{�loo �r{o�lj� ~ro�nmnro �rkq orm
�kpjl�k m�k ~rotkjpko~k rj�kj lq �{~� lq m�k m�krj� q{ppkqmq �
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iroqn�kj m�k �nq~jkmk urj� pntko no |�� } � ��nq q~�k� k ~lo �k jk�jnmmko lq

un+1 = (2 + ∆t2L∆)un − un−1
|��}

�o m�k k�l��skq �k �ltk qkko qr ulj � m�k qmko~nsqkm �lq ls�l�q r�kjlmk� ro l
qnopsk �ks� ru {o�or�o tls{kq �

un � no rj�kj mr ~r��{mk lo {��lmk � {qnop knm�kj
k��sn~nm � km�r�q rj lo nmkjlmntk qrstkj � �jr� |��} nm nq ~sklj m�lm �k okk� mr
�rj� � nm� m�r �nxkjkom tkjqnroq ru

u
� m�k ~{jjkom lo� m�k �jktnr{q mn� k qmk� �

mr ~r��{mk tls{kq urj m�k ok�m mn� k qmk� � � q l qmko~nsqkm nq ros� l�sk mr r� kjlmk
ro l qnopsk �ks� � �k okk� mr {qk m�r qmko~nsqkmq � rok urj m�k mkj�

2+∆t2L∆

lo�
rok urj

−1
� ��k urssr� nop k�~kj�m ujr� m�k ~r�k q�r� q m�k �lqnq ru m�k �ltkqrstkj �
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�o rj�kj mr {qk l �ljlssks ~r��{mkj � m�k ~lss mr ���	 �	 ��� ro m�k �� �� no qmlo~k
nq noqkjmk� lq {q{ls � � nm� m�k qmko~nsqkm 4 lq ljp{� kom � �r�ktkj � lq m�kjk nq
lorm�kj qmko~nsqkm no m�nq �jr�sk� � , � lo k��sn~nm ~lss mr ���� �	-���##�# ro
m� nq qmko~nsqkm nq noqkjmk� lq �kss � ��nq nq jkz{njk� � �k~l{qk m�kjk nq or jkslmnro
�km�kko m�k qmko~nsqkmq � ��nq � l� ~�lopk no m�k u{m{jk �

��k ~r��skmk ~r�k urj m�k qn�{slmrj nq � rjk notrstk� � � k~l{qk nm ~romlnoq
m�k r�mnro ru qksk~mnop knm�kj w njn~� skm rj �k{�loo �r{o�lj� ~ro�nmnroq no m�k
qn�{slmnro � lq �kss lq ~r��{mlmnro ru m�k kjjrj orj� � �o l��nmnro � �k �nq~rtkjk��{jnop m�k �jr ~kqq m�lm m�k ���rnom q~�k� k urj �l�sl~k �rkq orm l{mr� lmn~lss�
�nks� ur{jm��rj�kj ~rotkjpko~k � �o rj�kj mr l~�nktk ur{jm��rj�kj ~rotkjpko~k �
m�k q~�k� k �{qm �k l��snk� mr m�k �r�n�k� kz{lmnro

Mutt = ∇2u
|�� }

��kjk M
nq �k�ok� �� m�k qmko~ns q�r�o no �np{jk �
 � �~~rj�nop mr ���� � m�k

�nxkjko~k � km�kko m�k qrs{mnro ru |��} lo� |��} nq ru rj�kj
O(h4)

� qr m�k qrs{mnro
ru |��} q�r{s� qmnss p ntk lo kjjrj ru ur{jm� rj�kj ��ko ~r��ljk� mr lols�mn~ls
qrs{mnroq ru |��} � �� �jnmnop |��} lq

utt = M−1∇2u,
|�
}

�k ~lo �jr~kk� lq �kurjk mr r�mlno m�k �nq~jkmk q~�k� k
un+1 = 2un − un−1 + ∆t2M−1L∆un.

|�
 }
�q

M−1
nq orm �or�o � lo� �k pkokjlss� ltrn� notkjmnop l �lmjn� �njk~ms�� �k

�jnmk m�k �jr�sk� lq
Mun+1 = (2Mun + ∆t2L∆)un −Mun−1.

|�� }
w{k mr m�k

M
mkj� ro m�k skum��lo� qn�k � m�nq nq or sropkj lo k��sn~nm q~�k� k �

�rjm{olmks�� m�k ~ro�nmnro o{��kj ru
M

nq q� lss � qr m�k �jr�sk� ~lo �k qrstk�
kxk~mntks� � nm� �rm� m�k �l~r�n lo� iro�{plmk pjl�nkom qrstkjq �nq~{qqk� no
�k~mnro � �� �7 �
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�np{jk �
 � ��k ltkjlpnop � lqq� qmko~ns
M

m�lm �{qm � k {qk� mrpkm�kj � nm� m�k
��� rnom q~�k� k urj �l�sl~k

� �� � ������
��

�o �7�� � �onmk ksk�kom qn�{slmnro ru {smjlqr{o� nq �nq~{qqk� � �rj {smjlqr{o�
qn�{slmnro no m�k �{�lo �r��� m�k �onmk ksk� kom �km�r� ~lo �k �kok�~nls �{k
mr ~r��sk� pkr�kmj� ru m�k �r��� �r�ktkj � urj �rqm ru m�k k�l��skq �jkqkomk�
no �7�� � {qk ru m�k �onmk ksk� kom � km�r� nq orm l jkz{njk�kom � ��kjkurjk � �k
�lom mr n��sk� kom l �onmk �nxkjko~k qn�{slmrj urj {smjlqr{o� no snoklj � k�nl �
{qnop v��y �

��k snoklj �r�ks urj { smjlqr{o� nq qn� nslj mr m�k �ltk kz{lmnro �nq~{qqk� no
m�k �jktnr{q qk~mnro �

utt(x, t) = c2∇2u(x, t), (x, t) ∈ Ω × R
+,

u(x, 0) = 0, x ∈ Ω,

ut(x, 0) = 0, x ∈ Ω,

u(x, t) = T (x, t), (x, t) ∈ ∂ΩT × R
+,

∂u

∂n
= −

1

c

∂u

∂t
, (x, t) ∈ ∂ΩT c × R

+.

|	� }

�kjk �
c
nq m�k q� kk� ru qr{o� �

∂ΩT
nq m�k jkpnro ro m�k �r{o�lj� urj m�k mjloq�

�{~kj m�lm pkokjlmkq m�k {smjlqr{o� �ltkq � lo� T (x)
nq m�k mjloq�{~kj u{o~mnro �

�o m�k jkqm ru m�k �r{o�lj��
∂ΩT c ,

lo l�qrj�nop �r{o�lj� ~ro�nmnro nq {qk� �
no m�k urj� ru l �k{� loo ~ro�nmnro �

��k qrstkj urj m�k { smjlqr{o� �jr�sk� nq n��sk� komk� lsrop m�k ql�k snokq
lq m�k �ltk kz{lmnro �nq~{qqk� l�rtk � {qnop m�k ~komkjk� �nxkjko~kq urj m�k
�l�sl~k r�kjlmrj � jkq{smnop no l 
��rnom qmko~ns no m�jkk��n� koqnrols q�l~k � �rj
m�k mn� k �kjntlmntk � m�k ql�k ~komjk� �nxkjko~k lq no |��} nq {qk� � �k� no m� nq
�jr�sk� nq m�k � n� ru w njn~�skm lo� �k{� loo ~ro�nmnroq ro �nxkjkom �ljmq ru
m�k �r{o�lj�� �o l��nmnro � m�k l�qrj�nop �r{o�lj� ~ro�nmnro no~s{�kq m�k �ks�
u
� ��n~� � kloq m�lm �k okk� qr� k �k~�lonq� mr no~s{�k noqmlo~kq ru $ ��#� no

m�k u{o~mnro q{��snk� mr 
���	�2��� ���4������� ���k mjloq�{~kj no r{j qn�{slmnro nq q� k~n�k� lq l ~nj~sk ro m�k ��� ul~k rum�k �r� lno � � nm� ~komjk no rjnpno � lo� l pntko jl�n{q � �k {qk l �kqqks u{o~mnrolq m�k pkokjlmnop u{o~mnro urj m�k �jkqq{jk �nqmjn�{mnro ro m�k mjloq�{~kj � lo�pkokjlmk l pntko o{��kj ru �{sqkq ro m�k mjloq�{~kj �
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�k �ltk n��sk� komk� m�k mjloq�{~kj � nm� l u{o~mnro m�lm pkokjlmkq m�k
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��k � lno �nxkjko~k � km�kko m�nq qrstkj � lo� m�k �ltk qrstkj �k �ltk qkko
�kurjk � nq m�k ~lss mr ����	�%�	�(	�� 
	���� ro m�k qmko~nsqkm � � q �komnrok�
no �k~mnro � �7 � �k okk� mr {��lmk �lml qmj{~m{jkq no m�k qmko~nsqkm nu lo� ru m�k
~rk� ~nkom rj qr{j~k u{o~mnroq ljk mn� k��k�ko�kom � �kjk � �rm� m�k mjloq�{~kj
lo� m�k l�qrj�nop �r{o�lj� ~ro�nmnro ljk mn� k��k�ko�kom � �rmk m�lm m�kjk nq
or okk� mr ~lss m�nq �km�r� ro m�k rm�kj qmko~nsqkm � , � � k~l{qk m�kjk ljk or
mn� k��k� ko�kom ~rk� ~nkom rj qr{j~k u{o~mnro no m�k qmko~nsq no m�lm qmko~nsqkm �
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~ro�{~mnro � �o �l�sk 	 �k ql� m�lm m�k i qrstkj �lq qnpo n�~loms� ulqmkj m�lo
m�k v�m�ro qrstkj � �{m �k lsqr ql� no �l�sk 7 � ��kjk l �jr�sk� � nm�r{m l

	




mn� k��k� ko�kom qr{j~k u{o~mnro �lq qrstk� � m�lm m�k i lo� v�m�ro qrstkjq ~lo
�kjurj� ~r��ljl�s��

�k � nss or� q�r� �r� m�k rjnpnols qrstkj urj m�k �klm ~ro�{~mnro �jr�sk�
~lo �k r�mn� n�k� � � q m�k �lno �rmmskok~� qkk� q mr �k �r� m�k mn� k��k�ko�kom
qr{j~k u{o~mnro nq �lo�sk� � �k ur ~{q ro m�lm �jqm � �o m�k rjnpnols qrstkj � �kno~s{�k� m�k qr{j~k �njk~ms� no m�k � lno qmko~ns � �o qmkl� �k ~lo {qk l �ks� urj
m�k qr{j~k � �� �r�nu�nop m�k qr{j~k u{o~mnro q{~� m�lm nm �rj�q � nm� ~rrj�nolmk
tk~mrjq noqmkl� ru �rnomq � �k ~lo {qk m�k u{o~mnrolsnm� ru �{�v� mr komkj �lml
nomr m�k �ks� k� ~nkoms�� ��nq nq n��sk�komk� no m�k � �##'��
 �km�r� ru $ ��#� �

��k ql� k mjn~� ~lo �k {qk� urj m�k mn� k��k� ko�kom wnjn~�skm �r{o�lj� ~ro�
�nmnro � �r n��jrtk m�k nonmnlsn�lmnro mn� k � �k ~lo lsqr �r m�nq � nm� m�k no n�
mnls u{o~mnro � �umkj n��sk� komnop m�kqk ~�lopkq � m�k qmko~nsqkmq �{qm lsqr �k
~�lopk� l~~rj�nops�� �{m � kurjk �k �nq~{qq m�rqk ~�lopkq � �k l��jkqq lorm�kj
�rmkomnls � kjurj� lo~k �rmmskok~� � ��k ~lss r� kjlmrj ru l qmko~nsqkm � lq no m�k
qmlmk� kom � � , �� � � nq �lqn~lss� l � lmjn��tk~mrj �jr�{~m � lo� lsqr l tk~mrj�
tk~mrj l��nmnro � nu lo� qmko~ns no m�k qkm �lq l qr{j~k � � �nsk m�k ~lss r�kjlmrj
�nks�q tkj� on~k q�oml� � m�kjk nq qr� k rtkj�kl� no m�k ~jklmnro ru l ok� noqmlo~k
ru $ ��#� urj m�k jkq{ sm � lq �kss lq no m�k ~r��nop ru o{� kjn~ls ljjl�q � �o l��n�
mnro � pntko m�lm m�k �lml nq qmrjk� no l o{�kjn~ls ljjl� noqn�k �ks�q � �k q�r{s�
� k l�sk mr {qk l �rjk �njk~m l��jrl~� � �rj m� nq �{j�rqk � $ ��#� n� �sk� komq
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�l�sk � � iv� mn� k no qk~ro�q urj m�k mn� k srr� no m�k qrstkj n��sk�komk� no
i � lq �kss lq q�kk� {� jkslmntk mr m�k v�m�ro qrstkj j{oonop ro rok lo� 7	
�jr ~kqqrjq �

�o �l�sk 
 � �k snqm m�k iv� mn� k urj m�k � lno ~r��{mlmnrols srr� ru m�k
qrstkj � k�~s{�nop nonmnlsn�lmnro � ir��ljk� mr m�k o{��kjq urj m�k ql� k �jr��
sk� no �k~mnro � � m�kjk nq l qnpo n�~lom �kjurj� lo~k plno � �kplj�nop �ljlssks
k� ~nko~�� �k lplno r�qkjtk tkj� prr� q�kk� {� � � �ko ~r��ljk� lplnoqm m�k i
�jrpjl� m�lm qrstkq m�k ql� k �jr�sk� � m�k � kjurj� lo~k plno ujr� m�k jk�jnmknq ktko �rjk tnqn� sk � �r� � m�k v�m�ro qrstkj j{oonop ro rok iv� nq �{qm 7 ��
mn� kq qsr�kj m�lo m�k i qrstkj � ��nsk m�k � kjurj� lo~k ru m�k rjnpnols qrstkj �lq

� mn� kq qsr�kj m�lo i � � �ko �rjk �jr ~kqqrjq ljk {qk� � m�k v�m�ro qrstkj ~lo
qrstk m�k �jr�sk� qnpon�~loms� ulqmkj m�lo m�k q~lslj i qrstkj � �r r�mlno m�k
� kjurj�lo~k no~jklqk � �k �l� mr n��sk� kom ~r�k m�lm nq � rjk �n� ~{sm mr jkl�
lo� {qk qr� k skqq nom{nmntk ~roqmj{~mq � �o l��nmnro � �k �l� mr � ss m�k qr{j~k
lo� �r{o�lj� �ks�q no l tk~mrjn�k� �lookj � ��n~� nq skqq �k� n�sk m�lo lqqnponop
tls{kq �rnom �� �rnom � �ktkjm�kskqq � m�k l��jrl~� {qk� nq pkokjls lo� ~lo �k
l��snk� mr � lo� qrstkjq �jrmrm�� k� � nm� v��y � mr l~�nktk � kmmkj �kjurj� lo~k �
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�k �ltk n��sk� komk� l ujl� k�rj� urj ~jklmnop �w���lqk� qrstkjq urj vwyq �
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